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✈ ♣r♦✉❞♦✈ý❝❤ ♣♦❧í❝❤ ✸✷
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✽ ❩á✈➙r ✺✼
✾ ▲✐t❡r❛t✉r❛ ✺✾
✶✵ ❖❜s❛❤ ♣➦✐❧♦➸❡♥é❤♦ ❈❉ ✻✷
✶ ❙❡③♥❛♠ ♣♦✉➸✐tý❝❤ s②♠❜♦❧➲
✶✳✶ ❩á❦❧❛❞♥í s②♠❜♦❧②
❙②♠❜♦❧ ❏❡❞♥♦t❦② ❱ý③♥❛♠
t ✭s✮ ❷❛s
❚ ✭s✮ ❉é❧❦❛ ↔❛s♦✈é❤♦ ús❡❦✉
∆t ✭s✮ ❷❛s♦✈ý ❦r♦❦
①✱ ❳ ✭♠✮ Pr♦st♦r♦✈é s♦✉➦❛❞♥✐❝❡
✉ ✭♠✮ P♦❧❡ ♣♦s✉✈➲
❋ ✭✶✮ ❉❡❢♦r♠❛↔♥í ❣r❛❞✐❡♥t
❏ ✭✶✮ ❏❛❝♦❜✐❤♦ ♠❛t✐❝❡
❱ ✭♠3✮ ❖❜❥❡♠
❈ ✭✶✮ ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈ t❡♥③♦r ❞❡❢♦r♠❛❝❡
ψ ✭✶✮ Pr♦✉❞♦✈á ❢✉♥❦❝❡
❯✱ ❱ ✭♠✳s−1✮ ❙❧♦➸❦② ✈❡❦t♦r✉ r②❝❤❧♦stí
❍ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.1)
ǫ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.2) ❛ (6.2.2)
ω ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.2) ❛ (6.2.2)
❣ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.1)
♣ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.2)
❜ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.1.2)
Ω ✭✶✮ ❩❦♦✉♠❛♥á ♦❜❧❛st
❇ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.2.1)
❇0 ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.2.2)
♠ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.2.1)
❡ ✭✶✮ ❏❡❞♥♦t❦♦✈ý ✈❡❦t♦r
ρ ✭❦❣♠−3✮ ❍✉st♦t❛
❙②♠❜♦❧ ❏❡❞♥♦t❦② ❱ý③♥❛♠
✉✱ ✈ ✭♠✳s−1✮ ❘②❝❤❧♦st
σ ✭✶✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t
λ ✭✶✮ ❱❧❛st♥í ↔ís❧❛
❛ ✭♠✳s−2✮ ❩r②❝❤❧❡♥í
❦ ✭✶✮ ❑♦♥st❛♥t❛ ③ r♦✈♥✐❝❡ (6.2.1)
▲ ✭♠✮ ❉é❧❦❛ ③❦♦✉♠❛♥é ♦❜❧❛st✐
❙ ✭s−1✮ ❚❡♥③♦r r②❝❤❧♦st✐ ❞❡❢♦r♠❛❝❡
Ω ✭s−1✮ ❚❡♥③♦r ✈í➦✐✈♦st✐
❝d ✭✶✮ ❙♦✉↔✐♥✐t❡❧ ♦❞♣♦r✉
❋d ✭◆✮ ❖❞♣♦r♦✈á sí❧❛
❆ ✭♠2✮ P❧♦❝❤❛
ϕ ✭◦✮ Ú❤❡❧ s❦❧♦♣❡♥í
Sh ✭✶✮ ❙tr♦✉❤❛❧♦✈♦ ↔ís❧♦
❢ ✭❍③✮ ❋r❡❦✈❡♥❝❡
❉ ✭♠✮ ❈❤❛r❛❦t❡r✐st✐❝❦ý r♦③♠➙r t➙❧❡s❛
▼❛ ✭✶✮ ▼❛❝❤♦✈♦ ↔ís❧♦
ν ✭♠2s−1✮ ❑✐♥❡♠❛t✐❝❦á ✈✐s❦♦③✐t❛
τ ✭♠2✮ ◆❛♣➙tí
✶✳✷ ❉♦❧♥í ✐♥❞❡①②
❙②♠❜♦❧ ❱ý③♥❛♠
✐✱ ❥ ❯ ✈❡❦t♦r✉ ♦③♥❛↔✉❥❡ s❧♦➸❦✉ ✈❡❦♦tr✉ ✭①❂✶✱ ②❂✷✱ ③❂✸✮
✵ P♦↔át❡↔♥í st❛✈ ✭t❂✵✮
t ❙t❛✈ ✈ ♦❜❡❝♥é♠ ↔❛s❡ t
❆✱ ❇ ❖③♥❛↔✉❥❡ ❜♦❞
●✱ ❏ ❖③♥❛↔✉❥❡ ❛♥❛❧②t✐❝❦ý ♣➦í♣❛❞
✭●❂ ♣➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲✱ ❏❂ ♣➦í♣❛❞ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉✮
③✈✉❦ ❖③♥❛↔✉❥❡ r②❝❤❧♦st ③✈✉❦✉
✇ ❍♦❞♥♦t❛ ♥❛ st➙♥➙
✶✳✸ ❍♦r♥í ✐♥❞❡①②
❙②♠❜♦❧ ❱ý③♥❛♠
✰ ❖③♥❛↔✉❥❡ ❜❡③r♦③♠➙r♥♦✉ ✈❡❧✐↔✐♥✉
❚ ❖③♥❛↔✉❥❡ ✈❡❧✐↔✐♥✉ ✈ ↔❛s❡ ❚
✷ Ú✈♦❞
P♦❝❤♦♣❡♥í ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❛ ❥❡❥✐❝❤ ❝❤♦✈á♥í ❥❡ ✈❡❧♠✐ ❞➲❧❡➸✐tý♠ ú❦♦❧❡♠
❞♥❡➨♥í ✈➙❞♥í ❞✐s❝✐♣❧í♥② ♠❡❝❤❛♥✐❦② t❡❦✉t✐♥✱ ❛ ♣r♦t♦ s❡ t♦✉t♦ ♣r♦❜❧❡♠❛t✐❦♦✉ ③❛❜ý✈á
♠♥♦❤♦ ✈➙❞❡❝❦ý❝❤ ♣r❛❝♦✈✐➨➫ ❛ ❥❡ ✈②✈í❥❡♥❛ s♣♦✉st❛ ♠❡t♦❞ ♣r♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤
str✉❦t✉r✳ ❏❡❞♥í♠ ③❡ ❞✈♦✉ ♣♦❤❧❡❞➲✱ ❥❛❦ ❧③❡ ♣♦♣s❛t ③❦♦✉♠❛♥♦✉ t❡❦✉t✐♥✉✱ ❥❡ ❊✉❧❡r♦✈ý
♣♦♣✐s✱ ❦t❡rý ♣♦③♦r✉❥❡ ③♠➙♥✉ ❦✐♥❡♠❛t✐❝❦ý❝❤ ✈❡❧✐↔✐♥ ✈ ❞❛♥é♠ ✭✈②❥♠✉té♠✮ ♦❜❥❡♠✉ t❡✲
❦✉t✐♥②✳ ❉♦ ♥❡❥③á❦❧❛❞♥➙❥➨í❝❤ ♠❡t♦❞ ③ ❊✉❧❡r♦✈❛ ♣♦♣✐s✉ ♣❛t➦í t③✈✳ ♠❡t♦❞❛ ◗✲❦r✐tér✐❛ ❬✶❪✱
❦t❡rá ✉❦❛③✉❥❡ ♦❜❧❛st✐✱ ❦❞❡ ♣➦❡✈❧á❞á ✈í➦✐✈♦st ♥❛❞ ♣♦♠➙r♥♦✉ ❞❡❢♦r♠❛❝í✳ P♦❞♦❜♥ý❝❤
♠❡t♦❞ ❥❛❦♦ ❥❡ ♠❡t♦❞❛ ◗✲❦r✐tér✐❛ ❥❡ ♠♥♦❤♦ ✭♥❛♣➦✳ ♠❡t♦❞❛ ∆✲❦r✐tér✐❛ ❬✷❪✱ ♠❡t♦❞❛
r♦③❦❧❛❞✉ t❡♥③♦r✉ ❣r❛❞✐❡♥t✉ r②❝❤❧♦st✐ ♥❛ t➦✐ ↔ást✐ t✈③✳ ✧♠❡t♦❞❛ tr✐♣❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ ✈♦rt✐❝✐t②✧ ❬✸❪ ❛t❞✳✮✳ ❉r✉❤ý♠ ❞➲❧❡➸✐tý♠ ♣♦♣✐s❡♠ ❥❡ ▲❛❣r❛♥❣❡➲✈ ♣♦♣✐s✱ ❦t❡rý s❧❡✲
❞✉❥❡ ♣♦❤②❜ ↔ást✐❝❡ ❦♦♥t✐♥✉❛✳ Pr♦ ▲❛❣r❛♥❣❡➲✈ ♣♦♣✐s ❥❡ ❥❡❞♥♦✉ ③ ♥❡❥③á❦❧❛❞♥➙❥➨í❝❤
♠❡t♦❞ ✐❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ♠❡t♦❞❛ ❋❚▲❊ ✭❋✐♥✐t❡ t✐♠❡ ▲②❛♣✉♥♦✈ ❡①✲
♣♦♥❡♥t✮ ❬✺❪✳▼❡t♦❞❛ ❋❚▲❊ ♣♦♣✐s✉❥❡ st➦❡❞♥í ❧♦❣❛r✐t♠✐❝❦♦✉ r②❝❤❧♦st ✈③❞❛❧♦✈á♥í s❡ ❞✈♦✉
s♦✉s❡❞♥í❝❤ tr❛❥❡❦t♦r✐í✱ ❦t❡ré ❥s♦✉ ♦❞ s❡❜❡ ✈③❞á❧❡♥② ♦ ✈❡❧♠✐ ♠❛❧ý ús❡❦✳
▼❡t♦❞❛ ❋❚▲❊ ♣r♦ ✐❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ♠á ❢②③✐❦á❧♥í ✈ý③♥❛♠ ❥❛❦
♣r♦ ↔❛s✱ ❦t❡rý ♣❧②♥❡ ❞♦♣➦❡❞✉✱ t❛❦ ✐ ♣r♦ ↔❛s✱ ❦t❡rý ♣❧②♥❡ ♣♦③♣át❦✉✳ ❱ý♣♦↔t❡♠ ▲②❛✲
♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ ③ ↔❛s✉✱ ❦t❡rý ♣❧②♥❡ ♣♦③♣át❦✉ ✐ ❞♦♣➦❡❞✉✱ ✈③♥✐❦♥♦✉ ❤r❛♥✐❝❡✱ ❦t❡ré
s❡ ✈③á❥❡♠♥➙ ♣r♦tí♥❛❥í✳ Pr♦ ♣r➲s❡↔í❦ ❤r❛♥✐❝ ✈③♥✐❦❧é❤♦ ③ ❤r❛♥✐❝❡ ❞♦♣➦❡❞✉ ❥❞♦✉❝í❤♦
↔❛s✉ ❛ ③♣➙t♥➙ ❥❞♦✉❝í❤♦ ↔❛s✉ ♣❧❛tí✱ ➸❡ ♣♦ ❤r❛♥✐❝✐✱ ❦t❡rá ✈③♥✐❦❧❛ ③ ❞♦♣➦❡❞✉ ❥❞♦✉❝í❤♦
↔❛s✉ ♣➦✐✈á❞í ↔ást✐❝✐ ❞♦ t♦❤♦t♦ ♣r➲s❡↔í❦✉✳ ◆❛♦♣❛❦ ♣♦ ❤r❛♥✐❝✐✱ ❦t❡rá ✈③♥✐❦❧❛ ③❡ ③♣➙t♥➙
❥❞♦✉❝í❤♦ ↔❛s✉ ♣❧❛tí✱ ➸❡ ↔ást✐❝✐ ♦❞✈á❞í ♣r②↔ ♦❞ ♣r➲s❡↔í❦✉✳
P➦✐ ♣r♦✉❞➙♥í ❦♦❧❡♠ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛ ❥❛❦♦ ❥❡ ♥❛♣➦✳ ❆❤♠❡❞ ❜♦❞② ✭✈✐③✳ ❦❛✲
♣✐t♦❧❛ ✼✮ ✈③♥✐❦❛❥í ✈ ♠íst➙ ú♣❧❛✈✉ ✈ír②✱ ❦t❡ré ❧③❡ ♦③♥❛↔♦✈❛t ❥❛❦♦ ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳
❱②✉➸✐tí♠ ♠❡t♦❞② ❋❚▲❊ ♠♦❤♦✉ ❜ýt ✐❞❡♥t✐✜❦♦✈á♥② ♣♦❧♦❤② t➙❝❤t♦ str✉❦t✉r ♥❛ ③á❦❧❛❞➙
✉r↔❡♥í ❤r❛♥✐❝ ✈③♥✐❦❧ý❝❤ ③ ♠❡t♦❞② ❋❚▲❊✳
✶✷
✷✳✶ ▼♦t✐✈❛❝❡
❩❦♦✉♠á♥í ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❛ ③❥✐➨➫♦✈á♥í ❥❡❥✐❝❤ ✈❧❛st♥♦stí ♠á ✈❡❧✐❦ý ✈ý③♥❛♠
❥❛❦ ♥❛ ♣♦❧✐ ✈➙❞♥í♠✱ t❛❦ ✐ ♥❛ ♣♦❧✐ ✈ý✈♦❥❡✳
❯➸ ♣➦✐ s❛♠♦t♥é♠ ♥á✈r❤✉ t✈❛r✉ ❛✉t♦♠♦❜✐❧✉ s❡ ♠✉sí ❞❜át ♥❛ t♦✱ ❛❜② ❛✉t♦♠♦✲
❜✐❧ ♠➙❧ ❝♦ ♥❡❥♠❡♥➨í ♦❞♣♦r ♣r♦t✐ ♣r♦✉❞í❝í t❡❦✉t✐♥➙✳ ❚❡♥t♦ ♦❞♣♦r ❥❡ ♣➦í♠♦ s♣♦❥❡♥ s
♦❞♣♦r♦✈ý♠ ❦♦❡✜❝✐❡♥t❡♠✱ ❦t❡rý ❥❡ ③á✈✐s❧ý ♥❛ ♦❞tr➸❡♥í✳ P➦✐ ♣♦③♦r♦✈á♥í ❦♦❤❡r❡♥t♥í❝❤
str✉❦t✉r ❛ ❥❡❥✐❝❤ ✈③♥✐❦✉ ♣➦✐ ♦❜té❦á♥í ❛✉t♦♠♦❜✐❧✉ ❧③❡ ✐❞❡♥t✐✜❦♦✈❛t ♠íst❛ ♦❞tr➸❡♥í ❛
❞á❧❡ t❛❦é ✈③♥✐❦ ✈ír➲✳ ❚♦✉t♦ ✐❞❡♥t✐✜❦❛❝í ❥❡ ♠♦➸♥é ♦❞❤❛❧✐t ♠íst❛✱ ❦t❡rá ❥s♦✉ ❛❡r♦❞②✲
♥❛♠✐❝❦② ♥❡♣➦í♣✉st♥á ♣r♦ ❛✉t♦♠♦❜✐❧ ❛ ❧③❡ tí♠ s♥í➸✐t ♦❞♣♦r ❛✉t♦♠♦❜✐❧✉✳ Pr♦t♦ s❡ ✈
♣♦s❧❡❞♥í❝❤ ♥➙❦♦❧✐❦❛ ❞❡s❡t✐❧❡tí❝❤ ✉♣♦✉➨tí ♦❞ ❤r❛♥❛tý❝❤ t✈❛r➲ ❛✉t♦♠♦❜✐❧➲ ❛ ❥❡ s♥❛❤❛✱
❛❜② ❛✉t♦♠♦❜✐❧② ♠➙❧②✱ ❝♦ ♥❡❥♦❜❧❡❥➨í t✈❛r②✳ ❍❡③❦ý ❞❡s✐❣♥ ♥❡♥í ❥❡❞✐♥ý♠ ❞➲✈♦❞❡♠✱ ♣r♦↔
s❡ ❛✉t♦♠♦❜✐❧② ✈②rá❜➙❥í s ↔í♠ ❞á❧ ♦❜❧❡❥➨í♠✐ t✈❛r②✳ ❏❡❞♥í♠ ③ ❞❛❧➨í❝❤ ❞➲✈♦❞➲ ❥❡ t❛❦é
tr❡♥❞ s♥✐➸♦✈á♥í s♣♦t➦❡❜② ♣❛❧✐✈❛ ❛✉t♦♠♦❜✐❧➲✱ ❦t❡rý ú③❝❡ ③á✈✐sí ♥❛ s♥✐➸♦✈á♥í ♦❞♣♦r✉
❛✉t♦♠♦❜✐❧✉✳
❖❜rá③❡❦ ✷✳✶✿ ❊✈♦❧✉❝❡ t✈❛r✉ ❛✉t♦♠♦❜✐❧➲ ✭♣➦❡✈③❛t♦ ③ ❬✶✽❪✮✳
✶✸
✷✳✷ ❈í❧ ♣rá❝❡
Prá❝❡ ✉✈á❞í ♣♦♣✐s② ♣r♦✉❞♦✈é❤♦ ♣♦❧❡ ❛ ♣♦♣✐s✉❥❡ ♠❡t♦❞✉ ❋❚▲❊ ♣r♦ ✐❞❡♥t✐✜❦❛❝✐
❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✳ ❚❛t♦ ♠❡t♦❞❛ ♣r♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❥❡ ♣♦✉✲
➸✐t❛ ♥❛ t❡st♦✈❛❝í❝❤ ú❧♦❤á❝❤ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲ ❛ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉ ❥❛❦ ♣r♦ ↔❛s
❥❞♦✉❝í ❞♦♣➦❡❞✉✱ t❛❦ ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳ ❉á❧❡ ♣rá❝❡ ♦❜s❛❤✉❥❡ ❈❋❉ ❛♥❛❧ý③✉✱ ❦t❡rá
♣r♦❜í❤á ✈ ♣r♦st➦❡❞í ❆♥s②s ❋❧✉❡♥t✳ ❏❛❦♦ ➨♣❛t♥➙ ♦❜té❦❛♥é t➙❧❡s♦ ❥❡ ③✈♦❧❡♥♦ ✧❆❤♠❡❞
❜♦❞②✧✱ ♥❛ ❦t❡ré♠ s❡ ♥ás❧❡❞♥➙ ③✈♦❧í ➦❡③♥é r♦✈✐♥②✱ ③ ❦t❡rý❝❤ s❡ ③ís❦❛❥í ❞❛t❛ ✭♣♦❧♦❤②
✉③❧➲ ❛ ❥í♠ ♣➦ís❧✉➨í❝í r②❝❤❧♦st✐✮ ♣r♦ ❋❚▲❊ ♠❡t♦❞✉✳ P♦ ✈ý♣♦↔t✉ ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉
✭③❡ ③ís❦❛♥ý❝❤ ❞❛t✮ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ❛ ③♣➙t♥➙ s❡ ③♦❜r❛③í ✈③♥✐❦❧é ❤r❛♥✐❝❡✱ ③ ❦t❡✲
rý❝❤ s❡ ♣❛❦ ✐❞❡♥t✐✜❦✉❥í ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳
❇♦❞♦✈➙ ❥s♦✉ ❝í❧❡ ♣rá❝❡ t❛❦♦✈ét♦✿
• P♦♣✐s ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❛ ❥❡❥✐❝❤ s♦✉✈✐s❧♦st s ✈ír②
• P♦♣✐s ❦✐♥❡♠❛t✐❦② ♣r♦✉❞♦✈é❤♦ ♣♦❧❡
• P♦♣✐s ❋❚▲❊ ♠❡t♦❞② ❛ ♥ás❧❡❞♥➙ ❥❡❥í ❛♣❧✐❦❛❝❡ ♥❛ ❞✈♦✉ ③✈♦❧❡♥ý❝❤ ❛♥❛❧②t✐❝❦ý❝❤
♣➦í♣❛❞❡❝❤ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡
• ■❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ✈ ❈❋❉ ❛♥❛❧ý③❡ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛
✶✹
✸ ❑♦❤❡r❡♥t♥í str✉❦t✉r②
❑❛♣✐t♦❧❛ ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ♣rá❝✐ ❬✶✾❪✳ P♦❥❡♠ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ❧③❡ ❝❤á♣❛t ♠♥♦❤❛
③♣➲s♦❜②✱ ❛✈➨❛❦ ✈❡ s♣♦❥✐t♦st✐ s t♦✉t♦ ♣r❛❝í ❜✉❞♦✉ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ❝❤á♣á♥② ♣➦❡❞❡✲
✈➨í♠ ❥❛❦♦ ✈ír♦✈é str✉❦t✉r②✳ Pr♦ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ✭✈ír♦✈é str✉❦t✉r②✮ ♥❡♥í ✉stá❧❡♥á
➸á❞♥á ❞❡✜♥✐❝❡✳ ❑♦❤❡r❡♥t♥í str✉❦t✉r② ❧③❡ ♦③♥❛↔♦✈❛t ❥❛❦♦ ♦❜❧❛st✐ ❦❞❡✿
• ❥❡ ③✈ý➨❡♥á ❦✐♥❡t✐❝❦á ❡♥❡r❣✐❡
• ♣♦❤②❜ ↔ást✐❝ ❥❡ ♥❡♣➦❡❞✈í❞❛t❡❧♥ý
• tr❛❥❡❦t♦r✐❡ ↔ást✐❝ ❦♦♥t✐♥✉❛ t✈♦➦í ✉③❛✈➦❡♥é s♠②↔❦②
P♦♠♦❝í t➙❝❤t♦ ③á❦❧❛❞♥í❝❤ ✈❧❛st♥♦stí ❜② ♠♦❤❧② ❜ýt ❞❡✜♥♦✈á♥② ❦♦❤❡r❡♥t♥í str✉❦✲
t✉r②✳
❑♦❤❡r❡♥t♥í str✉❦t✉r② ❛ ❥❡❥✐❝❤ ✈③♥✐❦ ❥❡ t❛❦é ú③❝❡ s♣❥❛t s r❡➸✐♠❡♠ ♣r♦✉❞➙♥í ✭t✉r❜✉✲
❧❡♥t♥í ❛ ❧❛♠✐♥ár♥í✮✳ ❚✉r❜✉❧❡♥t♥í r❡➸✐♠ ♣r♦✉❞➙♥í ♥❡♠á ♣➦❡s♥♦✉ ❞❡✜♥✐❝✐✳ ❚✉r❜✉❧❡♥t♥í
♣r♦✉❞➙♥í ❜② s❡ ❞❛❧♦ ❞❡✜♥♦✈❛t ♣♦❞❧❡ t➙❝❤t♦ ✈❧❛st♥♦stí✿
• ✈②s♦❦é ❘❡②♥♦❧❞s♦✈♦ ↔ís❧♦
• ♣r♦st♦r♦✈♦st
• ♥❡✉s♣♦➦á❞❛♥♦st ✭❞❡t❡r♠✐♥✐st✐❝❦ý ❝❤❛♦s✮
• ❞✐❢ú③♥í ❝❤❛r❛❦t❡r
• ❞✐s✐♣❛t✐✈♥♦st
• ♣♦❤②❜ ❦♦♥t✐♥✉❛ ✭s♣❡❦tr✉♠ ♠➙➦ít❡❦✮
▲❛♠✐♥ár♥í r❡➸✐♠ ♣r♦✉❞➙♥í ❥❡ ♣❛❦ t❛❦♦✈ý r❡➸✐♠ ♣r♦✉❞➙♥í✱ ❦t❡rý ♠á t❡♥❞❡♥❝✐ s❡
♣♦ ❥❛❦é♠❦♦❧✐✈ ✈♥❡s❡♥í ♥❡♣r❛✈✐❞❡❧♥♦st✐ ♥❡❜♦ ♥❡✉s♣♦➦á❞❛♥♦st✐ ❞♦ s②sté♠✉ ✈rát✐t ③♣➙t
❞♦ ♣➲✈♦❞♥í❤♦ st❛✈✉ ❬✶✺❪✳ P❛❦ ❧③❡ ➦í❝✐✱ ➸❡ t❡♥t♦ r❡➸✐♠ ♣r♦✉❞➙♥í t❧✉♠í ♣♦r✉❝❤②✳ ❑♦✲
❤❡r❡♥t♥í str✉❦t✉r② ✭✈ír♦✈é str✉❦t✉r②✮ ✈③♥✐❦❛❥í ❥❛❦ ♣➦✐ ❧❛♠✐♥ár♥í♠ ♣r♦✉❞➙♥í✱ t❛❦ ✐
✶✺
♣➦✐ ♣r♦✉❞➙♥í t✉r❜✉❧❡♥t♥í♠✳ ❯❦á③❦♦✈ý♠ ♣➦í❦❧❛❞❡♠ ♣r♦ ❧❛♠✐♥ár♥í ♣r♦✉❞➙♥í ♠♦❤♦✉
❜ýt ❦♦❤❡r❡♥t♥í str✉❦t✉r②✱ ❦t❡ré ✈③♥✐❦❛❥í ♣➦✐ ♣r♦✉❞➙♥í ❦♦❧❡♠ ✈á❧❝❡ ✈ ♠íst➙ ú♣❧❛✈✉✳
❚❡♥t♦ ❥❡✈ s❡ ♥❛③ý✈á ✈ír♦✈á ❑❛r♠á♥♦✈❛ st❡③❦❛✱ ❦t❡rá ❥❡ ♥❛♣➦í❦❧❛❞ ♣♦③♦r♦✈❛t❡❧♥á ✈
❛t♠♦s❢é➦❡ ✭♦❜rá③❡❦ ↔✳✸✳✶✮✳
❖❜rá③❡❦ ✸✳✶✿ ❱ír♦✈á ❦❛r♠á♥♦✈❛ ➦❛❞❛ ✈③♥✐❦❧á ✈ ❛t♠♦s❢é➦❡ ✭♣➦❡✈③❛t♦ ③ ❬✶✷❪✮✳
Pr♦ t✉r❜✉❧❡♥t♥í r❡➸✐♠ ♣r♦✉❞➙♥í ❥❡ ❝❤❛r❛❦t❡r✐st✐❝❦ý ✈③♥✐❦ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r
❛ ↔❛st♦ s❡ ✉✈á❞í✱ ➸❡ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ❥s♦✉ ♣♦❞st❛t♦✉ t✉r❜✉❧❡♥t♥í❤♦ ♣r♦✉❞➙♥í✳
❱ ❜➙➸♥é♠ ➸✐✈♦t➙ ❧③❡ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ✈③♥✐❦❧é ✈ t✉r❜✉❧❡♥t♥í♠ ♣r♦✉❞➙♥í ♣♦③♦✲
r♦✈❛t ↔❛st➙❥✐ ♥❡➸ ✉ ❧❛♠✐♥ár♥í❤♦ ♣r♦✉❞➙♥í ✭♥❛♣➦✳ ✈ ❥❡③✉ ✈ ➦❡❝❡✱ ♣r♦♠í❝❤á✈á♥í ❞✈♦✉
t❡❦✉t✐♥ ❛♣♦❞✳✮
✶✻
✹ ❑✐♥❡♠❛t✐❦❛ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡
❚❛t♦ ❦❛♣✐t♦❧❛ ❛ ❥❡❥í ♣♦❞❦❛♣✐t♦❧② s❡ ♦♣ír❛❥í ♦ ♣rá❝✐ ❬✻❪✳ Pr♦st♦r✱ ✈ ♥➙♠➸ ➦❡➨í♠❡ ❦✐✲
♥❡♠❛t✐❦✉ ❛ ❞②♥❛♠✐❦✉ t❡❦✉t✐♥②✱ ♥❛③ý✈á♠❡ ♣r♦✉❞♦✈ý♠ ♣♦❧❡♠✳ Pr♦ ❦✐♥❡♠❛t✐❦✉ ♣r♦✉✲
❞♦✈é❤♦ ♣♦❧❡ s❡ ♣♦✉➸í✈❛❥í ♦❜✈②❦❧❡ ❞✈❛ ③á❦❧❛❞♥í ♣r✐♥❝✐♣② ♣♦♣✐s✉✳
Pr✈♥í♠ ♦❜✈②❦❧ý♠ ♣♦♣✐s❡♠ ❥❡ ▲❛❣r❛♥❣❡➲✈ ♣♦♣✐s✱ ♣r♦ ❦t❡rý ❥❡ ✈ý③♥❛↔♥é ③❛✈❡❞❡♥í
♣❡✈♥➙ ③✈♦❧❡♥é r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ Ω0 ✭♦❞♣♦✈í❞á ↔❛s✉ t = 0✮ ❛ ③❛✈❡❞❡♥í ③❞❡❢♦r♠♦✈❛♥é
♦❜❧❛st✐ Ωt ✭♦❞♣♦✈í❞á ↔❛s✉ t❃✵✮✳ ❩❞❡❢♦r♠♦✈❛♥á ♦❜❧❛st Ωt ♦❜s❛❤✉❥❡ st❡❥♥é ♠❛t❡r✐á❧♦✈é
↔ást✐❝❡ ❥❛❦♦ r❡❢❡r❡♥↔♥í ♦❜❧❛st Ω0 ✳
❖❜rá③❡❦ ✹✳✶✿ ❩♦❜r❛③❡♥í ♣♦❤②❜✉ ↔ást✐❝ ③ Ω0 ❞♦ Ωt✳
❉❛❧➨í♠ ♣♦♣✐s❡♠ ❦✐♥❡♠❛t✐❦② ♣r♦✉❞♦✈é❤♦ ♣♦❧❡ ❥❡ ❊✉❧❡r➲✈ ♣♦♣✐s✱ ♣r♦ ❦t❡rý ❥❡ ❝❤❛✲
r❛❦t❡r✐st✐❝❦ý ③✈♦❧❡♥ý ❦♦♥tr♦❧♥í ♦❜❥❡♠ ✈ ♣r♦st♦r✉ Ω✳ ❍r❛♥✐❝❡ ❦♦♥tr♦❧♥í❤♦ ♦❜❥❡♠✉ ✈
r➲③♥ý❝❤ ↔❛s❡❝❤ ❥❡ ♥❡♠➙♥♥á ❛ ③ár♦✈❡➡ ✈ r➲③♥ý❝❤ ↔❛s❡❝❤ ❥❡ ❦♦♥tr♦❧♥í ♦❜❥❡♠ ✈②♣❧♥➙♥
❥✐♥ý♠✐ ♠❛t❡r✐á❧♦✈ý♠✐ ↔ást✐❝❡♠✐✳ ❚②t♦ ❞✈❛ ♣➦íst✉♣② ♣♦♣✐s✉ ❦✐♥❡♠❛t✐❦② ♣r♦✉❞♦✈é❤♦
♣♦❧❡ ♠❡③✐ s❡❜♦✉ ❥s♦✉ ❡❦✈✐✈❛❧❡♥t♥í✳
✶✼
Pr♦ ♣♦♣✐s ♣♦❧♦❤② ♠❛t❡r✐á❧♦✈é ↔ást✐❝❡ ✭↔ást✐❝❡ ❦♦♥t✐♥✉❛✮ ✈ r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ ❥❡
③❛✈❡❞❡♥ ♣r➲✈♦❞✐↔ ❳ ∈Ω0✳ P♦❦✉❞ ❥❡ ③❦♦✉♠❛♥á ♦❜❧❛st ✈ ♣♦❤②❜✉✱ t❛❦ s❡ ♠❛t❡r✐á❧♦✈á
↔ást✐❝❡ ③ r❡❢❡r❡♥↔♥í ♣♦❧♦❤② ♣♦s✉♥❡ ♦ ♣♦s✉✈ ✉ ❞♦ ♥♦✈é ♣r♦st♦r♦✈é s♦✉➦❛❞♥✐❝❡ ①∈Ωt ❬✻❪✳
① = ❳+ ✉ ✭✹✳✵✳✶✮
❖❜rá③❡❦ ✹✳✷✿ P♦♣✐s ♦❜❧❛stí ✈ ❦♦♥t✐♥✉✉✳
✹✳✶ ❊✉❧❡r➲✈ ♣♦♣✐s
❱ ú✈♦❞✉ tét♦ ❦❛♣✐t♦❧② ❜②❧♦ ✉✈❡❞❡♥♦✱ ➸❡ ❊✉❧❡r➲✈ ♣♦♣✐s ♣r❛❝✉❥❡ s ♣❡✈♥➙ ③✈♦❧❡♥ý♠
❦♦♥tr♦❧♥í♠ ♦❜❥❡♠❡♠ ✭❦♦♥tr♦❧♥í ♦❜❧❛stí✮ ❛ ✈ t♦♠t♦ ❦♦♥tr♦❧♥í♠ ♦❜❥❡♠✉ ❥s♦✉ ❤❧❛✈♥í♠✐
♣r♦♠➙♥♥ý♠✐ ♣♦❧♦❤♦✈ý ✈❡❦t♦r ① ∈ R3 ❛ ↔❛s t✳ ❑✐♥❡♠❛t✐❝❦ý st❛✈ ❦♦♥tr♦❧♥í❤♦ ♦❜❥❡♠✉
❥❡ ♣♦♣sá♥ r②❝❤❧♦stí ✈(①, t) ♠❛t❡r✐á❧♦✈ý❝❤ ↔ást✐❝✱ ❦t❡ré ❞❛♥ý♠ ❦♦♥tr♦❧♥í♠ ♦❜❥❡♠❡♠
♣r♦t❡↔♦✉✳ ❚❛t♦ r②❝❤❧♦st ❥❡ ♦❦❛♠➸✐t♦✉ r②❝❤❧♦stí ❛ ♥❡♣➦❡❞st❛✈✉❥❡ r②❝❤❧♦st ❥❡❞♥é ♠❛✲
t❡r✐á❧♦✈é ↔ást✐❝❡✱ ❛❧❡ ♣➦❡❞st❛✈✉❥❡ r②❝❤❧♦st✱ ❦t❡rá ♥á❧❡➸í ❞❛♥é ♣r♦st♦r♦✈é s♦✉➦❛❞♥✐❝✐✱
❦❞❡ s❡ ❦♦♥❦r❡t♥í ♠❛t❡r✐á❧♦✈á ↔ást✐❝❡ ♣rá✈➙ ♥❛❝❤á③í ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✹✳✸✮✳
✶✽
❖❜rá③❡❦ ✹✳✸✿ ❑♦♥tr♦❧♥í ♦❜❧❛st ♣♦♣sá♥❛ ❊✉❧❡r♦✈ý♠ ♣➦íst✉♣❡♠✳
✹✳✶✳✶ ❩r②❝❤❧❡♥í
P➦✐ ♣♦♣✐s✉ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡ ❊✉❧❡r♦✈ý♠ ♣➦íst✉♣❡♠ ❥❡ r②❝❤❧♦st♥í ♣♦❧❡ ♣➦❡❞❡♠
③♥á♠♦ ❛ ♥❡❜♦ ❥❡ ❞♦♣♦↔t❡♥♦ ③ ♣♦❤②❜♦✈ý❝❤ r♦✈♥✐❝✳ ❚♦t♦ r②❝❤❧♦st♥í ♣♦❧❡ ❥❡ ③á✈✐s❧é
♥❛ ♣r♦st♦r♦✈ý❝❤ s♦✉➦❛❞♥✐❝í❝❤ ① ❦♦♥tr♦❧♥í❤♦ ♦❜❥❡♠✉ ❛ ♥❛ ↔❛s❡ t✱ ♣r♦t♦ ♣❛❦ ③r②❝❤❧❡♥í
✈ ❊✉❧❡r♦✈➙ ♣♦♣✐s✉ ❥❡ ✈②❥á❞➦❡♥♦ ❞❧❡ r♦✈♥✐❝❡ ✭✹✳✶✳✶✮
ai =
dvi(xj, t)
dt
=
∂vi
t
+
∂vi
xj
xj
t
. ✭✹✳✶✳✶✮
P♦s❧❡❞♥í ↔❧❡♥ r♦✈♥✐❝❡ ♦❞♣♦✈í❞á r②❝❤❧♦st✐ vj✱ ❛ ♣❛❦ ✈ýs❧❡❞♥á s❧♦➸❦❛ ③r②❝❤❧❡♥í ai ❥❡
❞á♥❛ r♦✈♥✐❝í ✭✹✳✶✳✷✮
ai =
∂vi
t
+
∂vi
xj
vj. ✭✹✳✶✳✷✮
✹✳✶✳✷ ■❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r
◆❛ ③á❦❧❛❞➙ ♣rá❝❡ ❬✶✺❪ ❧③❡ r②❝❤❧♦st vi ✈ ♣♦❧♦③❡ xj✰❞xj ✈②❥á❞➦✐t ❞❧❡ r♦✈♥✐❝❡ ✭✹✳✶✳✸✮
✶✾
vi(xj + dxj, t) = vi(xj, t) +
∂vi
xj
dxj, ✭✹✳✶✳✸✮
❦❞❡ ↔❧❡♥ ∂vi
xj ✈②❥❛❞➦✉❥❡ r❡❧❛t✐✈♥í ③♠➙♥✉ r②❝❤❧♦st✐ ✈❡ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ❜♦❞❡❝❤ ❛ ❥❡
③♣➲s♦❜❡♥ ♥❡❤♦♠♦❣❡♥✐t♦✉ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡✳ ❚❡♥t♦ ↔❧❡♥ s❡ ♥❛③ý✈á ❣r❛❞✐❡♥t t❡♥③♦r✉
r②❝❤❧♦st✐ ❛ ❧③❡ t❡♥t♦ t❡♥③♦r r♦③❧♦➸✐t ♥❛ s②♠❡tr✐❝❦♦✉ Sij ❛ ❛♥t✐s②♠❡tr✐❝❦♦✉ ↔ást Ωij
❞❧❡ r♦✈♥✐❝❡ ✭✹✳✶✳✹✮
∂vi
xj
=
1
2
(
vi
xj
+
vj
xi
) +
1
2
(
vi
xj
− vj
xi
) = Sij + Ωij. ✭✹✳✶✳✹✮
❙②♠❡tr✐❝❦ý t❡♥③♦r Sij ✈②❥❛❞➦✉❥❡ t❡♥③♦r r②❝❤❧♦st✐ ❞❡❢♦r♠❛❝❡ ❛ ❛♥t✐s②♠❡tr✐❝❦ý t❡♥✲
③♦r Ωij ✈②❥❛❞➦✉❥❡ t❡♥③♦r r♦t❛❝❡✳ ◆❛ t♦♠t♦ r♦③❦❧❛❞✉ ❥❡ ③❛❧♦➸❡♥❛ ✈➙t➨✐♥❛ ❊✉❧❡r♦✈s❦ý❝❤
♠❡t♦❞ ♣r♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✳ ❏❛❦ ❜②❧♦ ③♠í♥➙♥♦ ❥✐➸ ❞➦í✈❡✱ t❛❦ ❥❡❞♥♦✉
③❡ ③á❦❧❛❞♥í❝❤ ♠❡t♦❞ ❥❡ ♠❡t♦❞❛ ◗✲❦r✐t❡r✐❛✱ ❦t❡rá ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ♣♦r♦✈♥á♥í ✈í➦✐✈♦st✐
❛ ♣♦♠➙r♥é ❞❡❢♦r♠❛❝✐ ↔ást✐❝❡ ❦♦♥t✐♥✉❛✳ P♦❦✉❞ ✈í➦✐✈♦st ✈ ❞❛♥é ♦❜❧❛st✐ ♣➦❡✈❧á❞á ♥❛❞
s♠②❦♦✈♦✉ ❞❡❢♦r♠❛❝í✱ t❛❦ s❡ ✈ tét♦ ♦❜❧❛st✐ ♥❛❝❤á③í ✈ír♦✈á str✉❦t✉r❛ ❬✾❪✳
✹✳✷ ▲❛❣r❛♥❣❡➲✈ ♣♦♣✐s
P➦✐ ♣♦✉➸✐tí ▲❛❣r❛♥❣❡♦✈❛ ♣♦♣✐s✉ ❥s♦✉ ❢②③✐❦á❧♥í ♣♦❧❡ ③á✈✐s❧á ♥❛ s♦✉➦❛❞♥✐❝í❝❤ Xi
♠❛t❡r✐á❧♦✈é❤♦ ❜♦❞✉ ✈ ♦❜❧❛st✐ Ω0✳ Pr♦ ❞❡✜♥♦✈á♥í ❢✉♥❦❝❡ ♣♦♣✐s✉❥í❝í ③❞❡❢♦r♠♦✈❛♥♦✉
♦❜❧❛st Ωt ❥❡ ❞á❧❡ t➦❡❜❛ ③♥át ♣♦❧❡ ♣♦s✉✈➲ ✉(❳, t)✱ ❛ ♣❛❦ ❞á❧❡ ③❡ ✈③t❛❤✉ (4.0.1) ❧③❡
t✉t♦ ❢✉♥❦❝✐ ♦❞✈♦❞✐t ❥❛❦♦
① = ❳+ ✉(❳, t) = x(❳, t), ✭✹✳✷✳✶✮
❦❞❡ ♣♦↔át❡↔♥í ♣♦❞♠í♥❦❛ ❥❡✿
x(❳, 0) = ❳. ✭✹✳✷✳✷✮
✷✵
✹✳✷✳✶ ❉❡❢♦r♠❛↔♥í ❣r❛❞✐❡♥t
❏❡st❧✐➸❡ ❥❡ s♦✉➦❛❞♥✐❝❡ ① ❢✉♥❦❝í ❳✱ ❧③❡ ③❛✈ést ❞❡✜♥✐❝✐✿
❋ =
①
❳
✭✹✳✷✳✸✮
❧③❡ ❞á❧❡ ❡❦✈✐✈❛❧❡♥t♥➙ ③❛♣s❛t
❋ = Grad(①). ✭✹✳✷✳✹✮
❱❡❧✐↔✐♥❛ ❋ s❡ ♥❛③ý✈á ❞❡❢♦r♠❛↔♥í♠ ❣r❛❞✐❡♥t❡♠ ❛ ❥❡ t❡♥③♦r❡♠ ❞r✉❤é❤♦ ➦á❞✉✳ ❱
♠❛t❡♠❛t✐❝❡ s❡ t❛t♦ ✈❡❧✐↔✐♥❛ ♥❛③ý✈á ❏❛❝♦❜✐❤♦ ♠❛t✐❝í ③♦❜r❛③❡♥í Ω0 →Ωt✳ ❆❜② ❡①✐st♦✲
✈❛❧♦ ➦❡➨❡♥í✱ ❥❡ ♥✉t♥é✱ ❛❜② ♣❧❛t✐❧♦✿
❏ = det(❋) 6= 0. ✭✹✳✷✳✺✮
P♦❞❧❡ ♦❜rá③❦✉ ↔✳4.4 ❥❡ ③➦❡❥♠é✱ ➸❡ det(❋) ♠➲➸❡ ♥❛❜ý✈❛t ♣♦✉③❡ ❥❡♥ ❤♦❞♥♦t② ❦❧❛❞♥é
❛ ♥❡❜♦ ❥❡♥ ❤♦❞♥♦t② ③á♣♦r♥é ✈ ♦❜❧❛st✐ Ω0✳ ❏❛❦ý❦♦❧✐✈ ♣➦❡❝❤♦❞ ♦❞ ❤♦❞♥♦t② J > 0 ❦
❤♦❞♥♦t➙ J < 0 ❛ ♥❡❜♦ ♥❛♦♣❛❦ ❜② ③♥❛♠❡♥❛❧♦✱ ➸❡ ✈ ♣r➲❜➙❤✉ ♣➦❡❝❤♦❞✉ ❜② s❡ ♠✉✲
s❡❧❛ ♣➦❡❦r♦↔✐t ❤r❛♥✐❝❡ J = 0 ✭✈✐③✳ ♦❜rá③❡❦ ↔✳ ✹✳✹✮✱ ❝♦➸ ❥❡ ♣♦❞❧❡ ♣♦❞♠í♥❦② (4.2.5)
♥❡♣➦í♣✉st♥é✳ P♦❦✉❞ ❜✉❞❡ ③❛✈❡❞❡♥❛ s✉❜st✐t✉❝❡
dVt = ❏dV0. ✭✹✳✷✳✻✮
❏❡ ♥❡♠♦➸♥é✱ ❛❜② ✈③♥✐❦❧ ③á♣♦r♥ý ♦❜❥❡♠✱ ❛ ♣r♦t♦ ❥❡❞✐♥ý♠ s♣rá✈♥ý♠ ❢②③✐❦á❧♥í♠
✈ýs❧❡❞❦❡♠ ❥❡ J > 0✳ P➦✐ ✈②❥á❞➦❡♥í ❦♦♥❡↔♥ý❝❤ ♦❜❥❡♠➲ r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ Ω0✱ ③❞❡❢♦r✲
♠♦✈❛♥é ♦❜❧❛st✐ Ωt ❛ ③ár♦✈❡➡ ♣➦✐ ✉✈❛➸♦✈á♥í ❞♦st❛t❡↔♥➙ ③✈♦❧❡♥é ♠❛❧é ♦❜❧❛st✐ Ω0 ❧③❡
✉✈❛➸♦✈❛t
Vt ≃ ❏V0. ✭✹✳✷✳✼✮
❩ r♦✈♥✐❝❡ (4.2.7) ❧③❡ ♣❛❦ ❞❡✜♥♦✈❛t ❏❛❝♦❜✐❤♦ ♠❛t✐❝✐ ③♦❜r❛③❡♥í Ω0 →Ωt ❥❛❦♦ ♣♦♠➙r
❧♦❦á❧♥í❝❤ ♦❜❥❡♠➲✳
✷✶
❖❜rá③❡❦ ✹✳✹✿ P➦❡❝❤♦❞ ③ ♦❜❧❛st✐ J > 0 ❞♦ J < 0✳
✹✳✷✳✷ ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈ ❞❡❢♦r♠❛↔♥í t❡♥③♦r
P➦✐ ✉✈❛➸♦✈á♥í t♦tá❧♥í❤♦ ❞✐❢❡r❡♥❝✐á❧✉ ③♦❜r❛③❡♥í (4.2.1) ❜✉❞❡ ③ís❦á♥♦
dxi =
dxi
dXJ
dXj. ✭✹✳✷✳✽✮
❘♦✈♥✐❝✐ (4.2.8) ❧③❡ ❝❤á♣❛t ❥❛❦♦ ❧✐♥❡❛r✐③♦✈❛♥é ③♦❜r❛③❡♥í ús❡↔❦② d❳ ✭❧❡➸í❝í ✈ r❡✲
❢❡r❡♥↔♥í ♦❜❧❛st✐ Ω0✮ ♥❛ ❞❡❢♦r♠♦✈❛♥♦✉ ús❡↔❦✉ d① ✭❧❡➸í❝í ✈ r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ Ωt✮
♣♦❞❧❡ ♦❜rá③❦✉ ↔✳4.5✳
✷✷
❖❜rá③❡❦ ✹✳✺✿ ❩♦❜r❛③❡♥í ♣➦❡t✈♦➦❡♥é ús❡↔❦②✳
❱ý♣♦↔❡t ✈❡❧✐❦♦st✐ ús❡↔❦② ③ r❡❢❡r❡♥↔♥í ♦❜❧❛st✐ Ω0
‖d❳‖2 = (dL)2 = ❳T❳. ✭✹✳✷✳✾✮
❱ý♣♦↔❡t ✈❡❧✐❦♦st✐ ❞❡❢♦r♠♦✈❛♥é ús❡↔❦② ✈ ♦❜❧❛st✐ Ωt
‖d①‖2 = (dl)2 = d①Td① = d❳Td❋Td❋d❳ = d❳T❈d❳. ✭✹✳✷✳✶✵✮
❇②❧ ③ís❦á♥ ✈③t❛❤
C = dF TdF =
∂xi
∂Xi
T ∂xi
∂Xi
. ✭✹✳✷✳✶✶✮
❚❡♥t♦ ♠❡tr✐❝❦ý t❡♥③♦r ❈ ❥❡ ♦③♥❛↔♦✈á♥ ❥❛❦♦ ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈ t❡♥③♦r✱ ❦t❡rý ❥❡
s②♠❡tr✐❝❦ý ❛ ♣♦③✐t✐✈♥➙ ❞❡✜♥✐t♥í ❬✻❪✳
✷✸
✺ ▼❡t♦❞❛ ❋❚▲❊ ✭❋✐♥✐t❡✲t✐♠❡ ▲②❛♣✉♥♦✈ ❡①✲
♣♦♥❡♥t✮
✺✳✶ ❉❡✜♥✐❝❡ ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉
▼❡t♦❞❛ ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ✉r↔❡♥í t③✈✳ ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ σTt0(x)✱ ❦t❡rý ♣r♦ ✉r✲
↔✐tý ↔❛s♦✈ý ✐♥t❡r✈❛❧ ❞♦❦á➸❡ ✐❞❡♥t✐✜❦♦✈❛t r♦③❜í❤❛✈♦st ❜❧í③❦ý❝❤ s♦✉s❡❞♥í❝❤ tr❛❥❡❦t♦r✐í✱
❦t❡ré ✈❝❤á③❡❥í ③ ✈❡❧♠✐ ❜❧í③❦ý❝❤ ♣♦↔át❡↔♥í❝❤ ♣♦❞♠í♥❡❦ ↔ást✐❝ ❦♦♥t✐♥✉❛ ❬✺❪✳
❖❜rá③❡❦ ✺✳✶✿ ❇❧í③❦é tr❛❥❡❦t♦r✐❡✳
◆❛ ♦❜rá③❦✉ ↔✳5.1 ❥s♦✉ ♥❛③♥❛↔❡♥② ❞✈➙ s♦✉s❡❞♥í tr❛❥❡❦t♦r✐❡✱ ❦❞❡ ♥❂✵✱✶✱✷✳✳✳◆ ③♥á✲
③♦r➡✉❥í r➲③♥é ↔❛s♦✈é ús❡❦②✳ Pr♦ s♣♦❥✐tý ↔❛s ❥❡ ✈③❞á❧❡♥♦st ❜❧í③❦ý❝❤ tr❛❥❡❦t♦r✐í ♣➦í♠♦
ú♠➙r♥á eσ
Tt0 (x)✳ ❏❛❦♠✐❧❡ s❡ ❛❧❡s♣♦➡ ❥❡❞❡♥ ③ ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ r♦✈♥á ❦❧❛❞♥é♠✉
↔ís❧✉✱ t❛❦ ✈❡ ③❦♦✉♠❛♥é♠ ♣r♦st➦❡❞í ♥❛stá✈á ❝❤❛♦s ✭✈ ❦♦♥t❡①t✉ tét♦ ♣rá❝❡ t♦ ③♥❛♠❡♥á✱
✷✹
➸❡ ✈❡ ③❦♦✉♠❛♥é♠ ❦♦♥tr♦❧♥í♠ ♦❜❥❡♠✉ s❡ ♥❛❝❤á③í ❦♦❤❡r❡♥t♥í str✉❦t✉r❛✮✳ ❑❧❛❞♥ý ▲②❛✲
♣✉♥➲✈ ❡①♣♦♥❡♥t ③♥❛♠❡♥á✱ ➸❡ tr❛❥❡❦t♦r✐❡ ↔ást✐❝ ❦♦♥t✐♥✉❛ s❡ r♦③❜í❤❛❥í ❛ ♣r♦ ③á♣♦r♥ý
▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t s❡ tr❛❥❡❦t♦r✐❡ ↔ást✐❝ ❦♦♥t✐♥✉❛ ♣➦✐❜❧✐➸✉❥í✳ P♦♠♦❝í ✈➙❞♦♠♦st✐ r♦③✲
❜í❤á♥í ❛ ♣➦✐❜❧✐➸♦✈á♥í tr❛❥❡❦t♦r✐í ↔ást✐❝ ❦♦♥t✐♥✉❛ ❧③❡ ✉r↔✐t ❤r❛♥✐❝❡ ♠❡③✐ ❦♦❤❡r❡♥t♥í♠✐
str✉❦t✉r❛♠✐ ✭♥❛♣➦✳ ✈ír②✮✳ Pr♦ t②t♦ ❤r❛♥✐❝❡ ♣❧❛tí✱ ➸❡ ↔ást✐❝❡ ❦♦♥t✐♥✉❛ ♥❡♠➲➸❡ t✉t♦
↔ár✉ ♣➦❡❦r♦↔✐t ❬✽❪✳
Pr♦ ✈②t✈♦➦❡♥í ✈③t❛❤✉ ♥❛ ✈ý♣♦↔❡t ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ ❥❡ ✈②✉➸✐t❛ r♦✈♥✐❝❡ (4.2.10)
❛ ❥❡ ❞á❧❡ ✉♣r❛✈❡♥❛ ❞♦ t✈❛r✉ (5.1.1)
‖d①‖ =
√
∂❳T❈∂❳. ✭✺✳✶✳✶✮
❩ r♦✈♥✐❝❡ ❥❡ ✈✐❞➙t✱ ➸❡ ♣r♦st➦❡❞♥í ↔❧❡♥ ♣♦❞ ♦❞♠♦❝♥✐♥♦✉ ❥❡ ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈
❞❡❢♦r♠❛↔♥í t❡♥③♦r✱ ♦ ❦t❡ré♠ s❡ ✈í✱ ➸❡ ❥❡ s②♠❡tr✐❝❦ý✳ Pr♦t♦ ❞á❧❡ t❡♥t♦ s②♠❡tr✐❝❦ý
t❡♥③♦r ❥❡ ♣➦❡✈❡❞❡♥ ♥❛ ❞✐❛❣♦♥á❧♥í t✈❛r t❡♥③♦r✉✳ Pr♦❝❡s ❧③❡ ♣r♦✈ést✱ ♣♦❦✉❞ ❡①✐st✉❥í
✈❧❛st♥í ↔ís❧❛ t❡♥③♦r✉ ❈ ❛ ♣♦❦✉❞ ❡①✐st✉❥❡ t❛❦♦✈ý ✈❧❛st♥í ✈❡❦t♦r ① t❡♥③♦r✉ ❈✱ ❦t❡rý ❥❡
♥❡♥✉❧♦✈ý✳ P❛❦ ♣❧❛tí✿
det(❈− λ❊) = 0. ✭✺✳✶✳✷✮
❊①✐st✉❥❡✲❧✐ λ1,2,3 t❛❦♦✈é✱ ♣r♦ ❦t❡ré ♣❧❛tí✱ ➸❡ ✈❧❛st♥í ✈❡❦t♦r② x1,2,3 ❥s♦✉ ♥❡♥✉❧♦✈é✱
t❛❦ ♣❧❛tí ✈③t❛❤ (5.1.3)
❈① = λ①. ✭✺✳✶✳✸✮
P❛❦ ❧③❡ ③✈♦❧✐t ♥♦✈♦✉ ❜á③✐ ❥❡❞♥♦t❦♦✈ý❝❤ ✈❡❦t♦r➲ ♥ás❧❡❞♦✈♥➙
e′1 =
x1
‖x1‖
e′2 =
x2
‖x2‖ . ✭✺✳✶✳✹✮
e′3 =
x3
‖x3‖
✷✺
Pr♦ t✉t♦ ♥♦✈➙ ③✈♦❧❡♥♦✉ ❜á③✐ ♠➲➸❡♠❡ ♣➦❡♣s❛t ❈❛✉❝❤②❤♦ ●r❡❡♥➲✈ ❞❡❢♦r♠❛↔♥í
t❡♥③♦r ❞♦ t✈❛r✉
❈′ =


λ1 0 0
0 λ2 0
0 0 λ3

 ✭✺✳✶✳✺✮
Pr♦ ③❥✐➨t➙♥í ♠❛①✐♠á❧♥í ✈③❞á❧❡♥♦st✐ ‖x‖ ❥❡ t➦❡❜❛ ✈②❜r❛t ♠❛①✐♠á❧♥í ✈❧❛st♥í ↔ís❧♦
❈❛✉❝❤②❤♦ ●r❡❡♥♦✈❛ ❞❡❢♦r♠❛↔♥í❤♦ t❡♥③♦r✉ ❛ t♦ ♣❛❦ ✈③t❛❤ (5.1.1) s❡ ♠♦❞✐✜❦✉❥❡ ♥❛ t✈❛r✿
max
∂①(0)
‖dx‖ =
√
λmax(❈)‖∂❳‖. ✭✺✳✶✳✻✮
❚❛t♦ r♦✈♥✐❝❡ ❥❡ ❡❦✈✐✈❛❧❡♥t♥í s r♦✈♥✐❝✐ (5.1.7)
max
∂x(0)
‖dx‖ = eσTt0 (x)|T |∂❳. ✭✺✳✶✳✼✮
P♦ ♣♦r♦✈♥á♥í r♦✈♥✐❝❡ (5.1.6) ❛ (5.1.7) ❧③❡ ③ís❦❛t ✈③t❛❤ ♣r♦ ▲②❛♣✉♥♦✈➲✈ ❡①♣♦♥❡♥t
σTt0(x)
σTt0(x) =
1
|T | ln
√
λmax(❈). ✭✺✳✶✳✽✮
✺✳✷ P♦♣✐s ❛❧❣♦r✐t♠✉ ♥❛ ✈ý♣♦↔❡t ❋❚▲❊
❚❛❦③✈❛♥ý ♥✉❧tý ❦r♦❦✱ ❦t❡rý ❥❡ t➦❡❜❛ ✉❞➙❧❛t ♣➦❡❞ s♣✉➨t➙♥í♠ ❋❚▲❊ ❛♥❛❧ý③②✱ ❥❡ ✈②✲
❣❡♥❡r♦✈á♥í ❞❛t ③❡ ③❦♦✉♠❛♥é❤♦ ❛♥❛❧②t✐❝❦é❤♦✱ ↔✐ ♥✉♠❡r✐❝❦é❤♦ ♠♦❞❡❧✉✳ ❱②❣❡♥❡r♦✈❛♥á
❞❛t❛ ❥s♦✉ s♦✉➦❛❞♥✐❝❡ ✉③❧➲ sít➙ ✭str✉❦t✉r♦✈❛♥á ♥❡❜♦ ♥❡str✉❦t✉r♦✈❛♥á✮ ❛ ❥✐♠ ♦❞♣♦✈í✲
❞❛❥í❝í ❞❛♥é s❧♦➸❦② r②❝❤❧♦stí✳ P♦ ✈②❣❡♥❡r♦✈á♥í ❞❛t ❥❡ ③♥á♠❛ ✈❡❧✐❦♦st ❞❛♥é ③❦♦✉♠❛♥é
♦❜❧❛st✐✱ ♣r♦ ❦t❡r♦✉ s❡ ✈②t✈♦➦í str✉❦t✉r♦✈❛♥á sí➫✳ ❚í♠ ③ís❦á♠❡ ♣♦❧♦❤② ❥❡❞♥♦t❧✐✈ý❝❤
✉③❧➲✱ ❦t❡ré ❜✉❞♦✉ ♣♦♣sá♥② ✈❡❦t♦r② s♦✉➦❛❞♥✐❝❳0 ❛ ❨0✳ ❉❛❧➨í♠ ❞➲❧❡➸✐tý♠ ❜♦❞❡♠ ♣r♦
❛♥❛❧ý③✉ ❥❡ ✉r↔❡♥í ↔❛s♦✈é ❞é❧❦② ❚ ③❦♦✉♠❛♥é❤♦ ❞➙❥❡ ❛ ↔❛s♦✈é❤♦ ❦r♦❦✉ ∆t✱ ❦t❡rý ♣❧②♥❡
③ ↔❛s♦✈é ❞é❧❦② ❦♦♥✈❡❦❝❡✳ ❖❜➙ ✈❡❧✐↔✐♥② ❥s♦✉ ❞➲❧❡➸✐té ♣➦❡❞❡✈➨í♠ ♣r♦ ♣➦❡s♥♦st ✈ý♣♦↔t✉✳
✷✻
❉➲❦❛③ ✉❦❛③✉❥í❝í ➨♣❛t♥♦✉ ♣➦❡s♥♦st ✈ý♣♦↔t✉ ♣r♦ ♠❛❧ý ③✈♦❧❡♥ý ↔❛s ♣❧②♥❡ ③ ❞❡✜♥✐❝❡
❈❛✉❝❤②❤♦ ●r❡❡♥♦✈❛ t❡♥③♦r✉ ❞❡❢♦r♠❛❝❡✱ ❦t❡rý ♣♦♣✐s✉❥❡ ③♠➙♥✉ ❞é❧❦② s♦✉➦❛❞♥✐❝ ✈ ❦♦✲
♥❡↔♥é ♣♦❧♦③❡ ❦✉ s♦✉➦❛❞♥✐❝í♠ ✈ ♣♦↔át❡↔♥í ♣♦❧♦③❡✳ ❑❞②❜② ❜②❧ ❞❛♥ý ❞➙❥ ♣➦í❧✐➨ ❦rát❦ý✱
t❛❦ ❜② s❡ ↔ást✐❝❡ ♥❡st✐❤❧② ✈③❞á❧✐t ♦❞ s✈é ♣➲✈♦❞♥í ♣♦❧♦❤② ♦ ♣➦í❧✐➨ ✈❡❧❦♦✉ ✈③❞á❧❡♥♦st✳
❩♣➲s♦❜✐❧♦ ❜② t♦ ♠❛❧ý ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t✱ ❦t❡rý ❜② ♣❛❦ ♥❡✐❞❡♥t✐✜❦♦✈❛❧ ❤r❛♥✐❝❡ ♠❡③✐
♦❞❧✐➨♥ý♠✐ ❞②♥❛♠✐❝❦ý♠✐ s②sté♠② ❬✷❪✳
Pr♦ ③ís❦á♥í ❦♦♥❡↔♥ý❝❤ ♣♦❧♦❤ ✉③❧➲ ✭↔ást✐❝✮ s❡ ✈②✉➸✐❥❡ ❦❧❛s✐❝❦ý ✈③♦r❡❝ ③ ♠❡❝❤❛✲
♥✐❦② (5.2.1)
❳ = ❳0 +∆t ∗❯
✭✺✳✷✳✶✮
❨ = ❨0 +∆t ∗❱.
❱ r♦✈♥✐❝✐ (5.2.1) ✈②st✉♣✉❥❡ ♣♦↔át❡↔♥í ♣♦❧♦❤❛ ❳0 ❛ ❨0✱ ♦❞❦✉❞ s❡ ❞❛♥á ↔ást✐❝❡
♣♦❤②❜✉❥❡✳ ❉á❧❡ ❥❡ t➦❡❜❛ ③♥át s❧♦➸❦② ✈❡❦t♦r➲ r②❝❤❧♦stí ❯ ❛ ❱ ✈ ❞❛♥ý❝❤ ♣♦↔át❡↔♥í❝❤
♣♦❧♦❤á❝❤ ✉③❧➲ ✭↔ást✐❝✮✳ ❏❡❧✐❦♦➸ ♣➦✐ ✈ý♣♦↔t✉ ♠➲➸❡ ♥❛st❛t ♣➦í♣❛❞✱ ➸❡ ✈②❣❡♥❡r♦✈❛♥é
♣♦❧♦❤② ✉③❧➲ ✭↔ást✐❝✮ s❡ ❧✐➨í ♦❞ ♣♦❧♦❤ ✉③❧➲ ✭↔ást✐❝✮✱ ❦t❡ré ❜②❧② ✈②t✈♦➦❡♥② ♣r♦ str✉❦t✉✲
r♦✈❛♥♦✉ sí➫✱ t❛❦ ❥❡ t➦❡❜❛ ❞❛♥é r②❝❤❧♦st✐ ✐♥t❡r♣♦❧♦✈❛t t❛❦✱ ❛❜② ♦❞♣♦✈í❞❛❧② ♣♦❧♦❤á♠
✉③❧➲ ♣r♦ str✉❦t✉r♦✈❛♥♦✉ sí➫✳ Pr♦t♦➸❡ ✈ r♦✈♥✐❝✐ (5.2.1) s❡ ✈②s❦②t✉❥❡ ↔❛s♦✈ý ❦r♦❦ ∆t✱
t❛❦ ♣r♦t♦ ❜✉❞❡ ✈➸❞② ③ís❦á♥❛ ♥♦✈á ♣♦❧♦❤❛✱ ❦t❡rá s❡ ❜✉❞❡ ❧✐➨✐t ♦❞ ♣♦↔át❡↔♥í ♣♦❧♦❤② ❥❡♥
♦ ✈❡❧♠✐ ♠❛❧ý ús❡❦ ❳ ❛ ❨✳ ❏❡ t❛❦é t➦❡❜❛ t❡♥t♦ ❛❧❣♦r✐t♠✉s ♦♣❛❦♦✈❛t t♦❧✐❦rát✱ ❦♦❧✐❦rát
s❡ ✈❡❥❞❡ ↔❛s♦✈ý ❦r♦❦ ∆t ❞♦ ❞♦❜② tr✈á♥í ❝❡❧é❤♦ ❞➙❥❡ ❚✳
P➦❡❞♣♦s❧❡❞♥í♠ ❞➲❧❡➸✐tý♠ ❜♦❞❡♠ ♣r♦ t✉t♦ ❛♥❛❧ý③✉ ❥❡ ③ís❦á♥í ❈❛✉❝❤②❤♦ ●r❡❡♥♦✈❛
❞❡❢♦r♠❛↔♥í❤♦ t❡♥③♦r✉✱ ❦t❡rý s❡ ✈②♣♦↔ítá ♣♦❞❧❡ r♦✈♥✐❝❡ (4.2.11)✳ ❩ ♥í ❧③❡ ✈✐❞➙t✱ ➸❡ ❥❡
♣♦t➦❡❜❛ t③✈✳ ♣r♦✉❞♦✈á ♠❛♣❛✱ ❦t❡rá ❜✉❞❡ ✈②t✈♦➦❡♥❛ ③ ✈❡❦t♦r➲ ❦♦♥❝♦✈é ♣♦❧♦❤② ✉③❧➲
✭↔ást✐❝✮ ❳ ❛ ❨✳
Pr♦ ③ís❦á♥í ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ ❥❡ ✉➸ té♠➙➦ ✈➨❡ ③♥á♠♦✳ P♦❞❧❡ r♦✈♥✐❝❡ (5.1.8)
❧③❡ ✈✐❞➙t✱ ➸❡ ✉➸ st❛↔í ❥❡♥ ③ís❦❛t ♥❡❥✈➙t➨í ✈❧❛st♥í ↔ís❧♦ ❈❛✉❝❤②❤♦ ●r❡❡♥♦✈❛ ❞❡❢♦r♠❛↔✲
♥í❤♦ t❡♥③♦r✉ ❛ ♣❛❦ ✉➸ ❥❡ ③♥á♠♦ ♣r♦ t✉t♦ r♦✈♥✐❝✐ ✈➨❡✳ ❱ýs❧❡❞❦❡♠ ❥s♦✉ ❞✈❛ ✈❡❦✲
t♦r② ♥❛♣❧♥➙♥é ▲②❛♣✉♥♦✈ý♠✐ ❡①♣♦♥❡♥t②✱ ❦t❡ré ♦❞♣♦✈í❞❛❥í ♣➦ís❧✉➨♥ý♠ ♣♦❧♦❤á♠ ✉③❧➲
✭♣♦③♥✳ ❥❡❞❡♥ ③ ✈ýs❧❡❞♥ý❝❤ ✈❡❦t♦r➲ ♦❞♣♦✈í❞á ↔❛s✉ ❥❞♦✉❝í♠✉ ❞♦♣➦❡❞✉ ❛ ❞r✉❤ý ♦❞♣♦✲
✈í❞á ✈ýs❧❡❞❦✉ ✈②❝❤á③❡❥í❝í❤♦ ③ ↔❛s✉ ❥❞♦✉❝í❤♦ ♥❛③♣➙t✮✳
✷✼
❖❜rá③❡❦ ✺✳✷✿ ❙❝❤❡♠❛ ♣♦st✉♣✉ ♣➦✐ ➦❡➨❡♥í ♠❡t♦❞♦✉ ❋❚▲❊✳
❱②❦r❡s❧❡♥í♠ ▲②❛♣✉♥♦✈ý❝❤ ❡①♣♦♥❡♥t➲ s❡ ③❥✐stí✱ ➸❡ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ❛ ↔❛s
❥❞♦✉❝í ♥❛③♣➙t s❡ ✉♠íst➙♥í ❞❛♥ý❝❤ ❤r❛♥✐❝ ❧✐➨í✱ ♣r♦t♦➸❡ ❤r❛♥✐❝❡ ✈③♥✐❦❧á ♣r♦ ↔❛s ❥❞♦✉❝í
❞♦♣➦❡❞✉ ♣➦❡❞st❛✈✉❥❡ ♣➦✐té❦á♥í ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✺✳✸✮✳
✷✽
❖❜rá③❡❦ ✺✳✸✿ ❍r❛♥✐❝❡ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ✭♣➦❡✈③❛t♦ ③ ❬✷✵❪✮✳
❍r❛♥✐❝❡ ✈③♥✐❦❧á ③ ✈ý♣♦↔t✉ ♣r♦ ↔❛s ♣❧②♥♦✉❝í ♥❛③♣➙t ♣➦❡❞st❛✈✉❥❡ ♦❞t♦❦ ✭✈✐③✳ ♦❜✲
rá③❡❦ ↔✳✺✳✹✮✳
✷✾
❖❜rá③❡❦ ✺✳✹✿ ❍r❛♥✐❝❡ ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t ✭♣➦❡✈③❛t♦ ③ ❬✷✵❪✮✳
P➦✐ ✈②❦r❡s❧❡♥í t➙❝❤t♦ ❞✈♦✉ ✈ýs❧❡❞❦➲ ❞♦ ❥❡❞♥♦❤♦ ♦❜rá③❦✉ ③ís❦á♠❡ ❤r❛♥✐❝❡ ♣r♦ ❤❧❡✲
❞❛♥é ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳ ❯✈á➸í✲❧✐ s❡ ♣♦❧♦➸❡♥í ↔ást✐❝❡ ♥❛ ❤r❛♥✐❝✐ ✈③♥✐❦❧♦✉ ③ ↔❛s✉
❥❞♦✉❝í❤♦ ❞♦♣➦❡❞✉✱ t❛❦ s❡ t❛t♦ ↔ást✐❝❡ ♣♦✉③❡ ♣♦❤②❜✉❥❡ ✈❡ s♠➙r✉ ❞❛♥é ❤r❛♥✐❝❡ ❦ ❤r❛✲
♥✐❝✐ ✈③♥✐❦❧é ③ ↔❛s✉✱ ❦t❡rý ❥❞❡ ♥❛③♣➙t✱ ❦❞❡ s❡ t❛t♦ ↔ást✐❝❡ ❞❡❢♦r♠✉❥❡ ✭✈✐③✳ ♦❜rá③❡❦
↔✳✺✳✺✮✳
✸✵
❖❜rá③❡❦ ✺✳✺✿ ❯❦á③❦❛ ❞❡❢♦r♠❛❝❡ ↔ást✐❝❡ ♥❛ ❤r❛♥✐❝✐ ✈③♥✐❦❧é ♦❞ ↔❛s✉✱ ❦t❡rý ❥❞❡ ♥❛③♣➙t
✭♣➦❡✈③❛t♦ ③ ❬✷✵❪✮✳
✸✶
✻ ❆♣❧✐❦❛❝❡ ❋❚▲❊ ❛♥❛❧ý③② ♥❛ ❛♥❛❧②t✐❝❦é ♣➦í✲
♣❛❞② ✈ír♦✈ý❝❤ str✉❦t✉r ✈ ♣r♦✉❞♦✈ý❝❤ ♣♦✲
❧í❝❤
❱ tét♦ ♣rá❝✐ ❥s♦✉ ♣➦❡❞st❛✈❡♥② ❞✈❛ ❛♥❛❧②t✐❝❦é ♣➦í♣❛❞② ✈ír♦✈ý❝❤ str✉❦t✉r ✈ ♣r♦✉✲
❞♦✈ý❝❤ ♣♦❧í❝❤✳ Pr✈♥í ③ ♣➦í♣❛❞➲ ❥❡ ♣➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲ ✶✳ ❉r✉❤ý♠ ♣➦í♣❛❞❡♠✱
❦t❡rý ❥❡ ❛♥❛❧②③♦✈á♥ ✈ tét♦ ♣rá❝✐✱ ❥❡ ❛♥❛❧②t✐❝❦ý ♣➦í♣❛❞ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉ ✷✳ ❯ ♦❜♦✉
t➙❝❤t♦ ❛♥❛❧②t✐❝❦ý❝❤ ♣➦í♣❛❞➲ ❥❡ ✈②❣❡♥❡r♦✈á♥♦ r②❝❤❧♦st♥í ✈❡❦t♦r♦✈é ♣♦❧❡✱ ♣r♦ ❦t❡ré ❥❡
❛♣❧✐❦♦✈á♥❛ ❋❚▲❊ ❛♥❛❧ý③❛✱ ❦t❡rá s❡ ♣♦✉➸í✈á ♣r♦ ♣♦♣✐s ✈③♥✐❦❧ý❝❤ ❦♦❤❡r❡♥t♥í❝❤ str✉❦✲
t✉r✳
✻✳✶ P➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲
❚❛t♦ ♣♦❞❦❛♣✐t♦❧❛ ❜②❧❛ ③❛❧♦➸❡♥❛ ♥❛ ♣r❛❝í❝❤ ❬✷❪ ❛ ❬✼❪✳ ❆♥❛❧②t✐❝❦ý ♣➦í♣❛❞ ✈ír♦✈ý❝❤
str✉❦t✉r ❥❡ ♣♦✉➸✐t ♣➦❡❞❡✈➨í♠ ♣r♦ ♣r♦③❦♦✉♠á♥í ❋❚▲❊ ❛♥❛❧ý③② ❛ ❥❡❥í ❦✈❛❧✐t② ♣♦♣✐s✉
❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✳ ❱ ú✈♦❞✉ ❦❛♣✐t♦❧② ❜②❧♦ ♥❛③♥❛↔❡♥♦✱ ➸❡ s❡ ❥❡❞♥á ♦ ❞✈❛ ✈ír②✱
❦t❡ré s❡ ♦tá↔í ♦♣❛↔♥ý♠ s♠➙r❡♠✳ Pr♦✉❞♦✈é ♣♦❧❡ t♦❤♦t♦ ♣➦í♣❛❞✉ ❥❡ ♣♦♣sá♥♦ ♣r♦✉❞♦✈♦✉
❢✉♥❦❝í ✈ r♦✈♥✐❝✐ (6.1.1)
ψ(x, y, t) = Hsin(πg(x.t))sin(πy), ✭✻✳✶✳✶✮
❦❞❡ ❥❡❞♥♦t❧✐✈é ↔❧❡♥② ③♥❛♠❡♥❛❥í✿
g(x, t) = p(t)x2 + b(t)x ✭✻✳✶✳✷✮
p(t) = ǫGsin(ωGt). ✭✻✳✶✳✸✮
b(t) = 1− 2ǫGsin(ωGt) ✭✻✳✶✳✹✮
✶✈ ❛♥❣❧✐❝❦é♠ ♥á③✈✉ t③✈✳ ✧❉♦✉❜❧❡ ●②r❡✧
✷✈ ❛♥❣❧✐❝❦é♠ ♥á③✈✉ t③✈✳ ✧▼❡❛♥❞❡r✐♥❣ ❏❡t✧
✸✷
❏❛❦ ❥❡ ✈✐❞➙t ③ r♦✈♥✐❝❡ (6.1.2)✱ t❛❦ ♣r♦ ♣➦í♣❛❞ ǫG = 0 s❡ ❥❡❞♥á ♦ ↔❛s♦✈➙ ♥❡③á✈✐s❧é
♣r♦✉❞♦✈é ♣♦❧❡ ❛ ✈ ♣➦í♣❛❞➙ ǫG 6= 0 s❡ ❥❡❞♥á ♦ ↔❛s♦✈➙ ③á✈✐s❧ý ♣➦í♣❛❞✳ ❱ tét♦ ♣rá❝✐
s❡ ♣➦❡❞❡✈➨í♠ ♦❜❥❡✈í ♣♦❧❡✱ ❦t❡ré ❥❡ ↔❛s♦✈➙ ③á✈✐s❧é✳ P♦❞❧❡ ♣rá❝❡ ❬✶❪ ❥s♦✉ ❥❡❞♥♦t❧✐✈é
♣❛r❛♠❡tr② ♣r♦✉❞♦✈é ❢✉♥❦❝❡ ✈②❥á❞➦❡♥② ❤♦❞♥♦t❛♠✐✿ ❆❂✵✳✶✱ ωG = 2π ❛ ǫG = 0.25✳
❱❡❧✐❦♦st ③❦♦✉♠❛♥é ♦❜❧❛st✐ ❥❡ ❬✵✱✷❪ ① ❬✵✱✶❪♠✳ Pr♦ ✈②❦r❡s❧❡♥í ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦
♣♦❧❡ ❥❡ ♣♦t➦❡❜❛ ③♥át ♣❛r❝✐á❧♥í ❞❡r✐✈❛❝❡ ♣r♦✉❞♦✈é ❢✉♥❦❝❡ ✈✐③✳ r♦✈♥✐❝❡ (6.1.5)
u = −∂ψ
∂y
. ✭✻✳✶✳✺✮
v =
∂ψ
∂x
◆❛ ♦❜rá③❦✉ ↔✳6.1 ❧③❡ ♥❛❧é③t ✈③♥✐❦❧é ✈❡❦t♦r♦✈é r②❝❤❧♦st♥í ♣♦❧❡ ♣r♦ r➲③♥é ↔❛s♦✈é
ús❡❦② ✭t❂ ✵❀ ✵✳✷✺❀ ✵✳✺❀ ✵✳✼✺ ❛ ✶✮✱ ♥❛ ♥✐❝❤➸ ❥❡ ✈✐❞➙t✱ ➸❡ s❡ ❥❡❞♥á ♦ ♣❡r✐♦❞✐❝❦ý ❞➙❥✱
♣r♦t♦➸❡ ✈ ↔❛s❡❝❤ t❂ ✵ t❂✵✳✺ ❛ t❂✶ ❥❡ ✈❡❦t♦r♦✈é ♣♦❧❡ t♦t♦➸♥é ❛ ✈ ↔❛s❡❝❤ t❂✵✳✷✺ ❛
t❂✵✳✼✺ ❥s♦✉ ✈ír② ♣♦s✉♥✉t② ♥❛ ♣r❛✈♦✉ ♥❡❜♦ ❧❡✈♦✉ str❛♥✉✳
✸✸
✭❛✮ ❯❦á③❦❛ ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡
♣r♦ ↔❛s② t❂✵❀ t❂✵✳✺✳
✭❜✮ ❯❦á③❦❛ ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡
♣r♦ ↔❛s② t❂✵✳✷✺ s✳
✭❝✮ ❯❦á③❦❛ ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡
♣r♦ ↔❛s② t❂✵✳✷✺ s✳
❖❜rá③❡❦ ✻✳✶✿ ❘②❝❤❧♦st♥í ✈❡❦t♦r♦✈á ♣♦❧❡ ♣r♦ r➲③♥é ↔❛s②✳
Pr♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❥❡ ✈ tét♦ ❦❛♣✐t♦❧❡ ♣♦✉➸✐t❛ ❋❚▲❊ ❛♥❛❧ý③❛
❥❛❦ ♣r♦ ↔❛s ♣❧②♥♦✉❝í ❞♦♣➦❡❞✉✱ t❛❦ ✐ ♣r♦ ↔❛s ♣❧②♥♦✉❝í ♥❛③♣➙t✳ ◆❛ ♦❜rá③❦✉ ↔✳6.2 ❥s♦✉
✈✐❞➙t ✈③♥✐❦❧é ❤r❛♥✐❝❡ ♣r♦ ✈②♣♦↔t❡♥ý ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ③ ↔❛s✉ ❥❞♦✉❝í❤♦ ❞♦♣➦❡❞✉✳
✸✹
❖❜rá③❡❦ ✻✳✷✿ ❋❚▲❊ ❛♥❛❧ý③❛ ♣r♦ t②t♦ ♣❛r❛♠❡tr② ❍❂✵✳✶✱ ǫG = 0.25✱ ωG = 2π/10✱
❚❂✷✵ s✳
◆❛ ♦❜rá③❦✉ 6.3 ❥❡ ✈✐❞➙t ③♦❜r❛③❡♥í ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡t✉✱ ❦t❡rý ❜②❧ ✈②♣♦↔t❡♥ ③ ↔❛s✉
❥❞♦✉❝í❤♦ ♥❛③♣➙t✳ ❖♣➙t ❥s♦✉ ③❞❡ ✈✐❞➙t ❤r❛♥✐❝❡✱ ❦t❡ré ♦❤r❛♥✐↔✉❥í ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳
❖❜rá③❡❦ ✻✳✸✿ ❋❚▲❊ ❛♥❛❧ý③❛ ♣r♦ t②t♦ ♣❛r❛♠❡tr② ❍❂✵✳✶✱ ǫG = 0.25✱ ωG = 2π/10✱
❚❂✷✵ s✳
Pr♦ ❧❡♣➨í ♥á③♦r♥♦st ❛ ♣➦❡❤❧❡❞♥♦st ❥s♦✉ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✹❛ ✈②❦r❡s❧❡♥② ❦♦♥t✉r②
▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥✉ ③ ♦❜rá③❦✉ ↔✳✻✳✷ s♣♦❧❡↔♥➙ s ✈❡❦t♦r♦✈ý♠ r②❝❤❧♦st♥í♠ ♣♦❧❡♠✳
❚♦ s❛♠é ❥❡ ♣r♦✈❡❞❡♥♦ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✹❜✱ ❛✈➨❛❦ s tí♠ r♦③❞í❧❡♠✱ ➸❡ ③❞❡ ❥❡ ▲②❛♣✉♥➲✈
❡①♣♦♥❡♥t ✈②♣♦↔ítá♥ ③ ↔❛s✉ ❥❞♦✉❝í❤♦ ♥❛③♣➙t✳
✸✺
✭❛✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉✳
✭❜✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳
❖❜rá③❡❦ ✻✳✹✿ ❱②❦r❡s❧❡♥í ❦♦♥t✉r ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ s♣♦❧❡↔♥➙ s ✈❡❦t♦r♦✈ý♠ r②❝❤✲
❧♦st♥í♠ ♣♦❧❡♠ ♣r♦ t②té➸ ♣❛r❛♠❡tr② ❥❛❦♦ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✷ ❛ ♦❜rá③❦✉ ↔✳✻✳✸✳
✻✳✷ P➦í♣❛❞ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉
◆❛ ③á❦❧❛❞➙ ♣rá❝❡ ❬✹❪ ❥❡ ❞❡✜♥♦✈á♥♦ ❝❤♦✈á♥í t❡❦✉t✐♥② ❞❧❡ ♣r♦✉❞♦✈é ❢✉♥❦❝❡ ✈ r♦✈✲
♥✐❝✐ (6.2.1)
✸✻
ψ(x, y, t) = −tanh
(
y − Bcoskx√
1 + (kBsinkx)2
)
+my, ✭✻✳✷✳✶✮
❦❞❡ ❥❡❞♥♦t❧✐✈é ♣❛r❛♠❡tr② ③ tét♦ r♦✈♥✐❝❡ ❥s♦✉ ③✈♦❧❡♥② ❞❧❡ ③♠í♥➙♥é ♣rá❝❡ ❬✹❪✳
❇0 = 1.2, L = 10, k = 2π✴▲✱ ♠❂✵✳✶✱ ωJ = 0.1 ❛ ǫJ = 0.3 ✳ ❍♦❞♥♦t✉ ❇ ❧③❡ ❞♦✲
♣♦↔ít❛t ③ r♦✈♥✐❝❡ (6.2.2)
B = B0 + ǫJcos(ωJt). ✭✻✳✷✳✷✮
P➦❡❞❝❤♦③í ❦❛♣✐t♦❧❛ ♣♦❥❡❞♥á✈❛❧❛ ♦ ❛♥❛❧②t✐❝❦é♠ ♣➦í♣❛❞✉ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲ ❛ ✐
③❞❡ s❡ st❡❥♥ý♠ ③♣➲s♦❜❡♠ ③ís❦❛❥í r②❝❤❧♦st✐ ❞❧❡ r♦✈♥✐❝❡ (6.1.5)✳
◆❛ ♦❜rá③❦✉ ↔✳✻✳✺❛ ❥❡ ♣r♦ ❛♥❛❧②t✐❝❦ý ♣➦í♣❛❞ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉ ✈②❦r❡s❧❡♥ ▲②❛♣✉✲
♥➲✈ ❡①♣♦♥❡♥t✱ ❦t❡rý ❥❡ ✉r↔❡♥ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ✈ ♦❜❧❛st✐ ❬✵✱✶✵❪①❬✲✹✱✹❪♠✳ ◆❛ ♦❜✲
rá③❦✉ ↔✳✻✳✺❛ ❥❡ ♣r♦ t❡♥tý➸ ❛♥❛❧②t✐❝❦ý ♣➦í♣❛❞ ✈②❦r❡s❧❡♥ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t✱ ❦t❡rý
❥❡ ✉r↔❡♥ ♣r♦ ↔❛s ❥❞♦✉❝í ③♣➙t♥➙✳ ◆❛ ♦❜♦✉ ♦❜rá③❝í❝❤ ❧③❡ ✈✐❞➙t ✈③♥✐❦❧é ❤r❛♥✐❝❡✱ ❦t❡ré
♦❤r❛♥✐↔✉❥í ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳
✸✼
✭❛✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉✳
✭❜✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳
❖❜rá③❡❦ ✻✳✺✿ ❋❚▲❊ ❛♥❛❧ý③❛ ♣r♦ t②t♦ ♣❛r❛♠❡tr②
❇0 = 1.2, L = 10m, c = 0.1, k = 2π✴▲✱ ǫJ = 0.3✱ ωJ = 0.1✱
❚ ❂ ✶✷✺✳✻ s✱ ∆t ❂ ✵✳✵✺ s✳
Pr♦ ❧❡♣➨í ♥á③♦r♥♦st ❛ ♣➦❡❤❧❡❞♥♦st ❥s♦✉ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✻❛ ✈②❦r❡s❧❡♥② ❦♦♥t✉r②
▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥✉ ③ ♦❜rá③❦✉ ↔✳✻✳✺❛ s♣♦❧❡↔♥➙ s ✈❡❦t♦r♦✈ý♠ r②❝❤❧♦st♥í♠ ♣♦❧❡♠✳
❚♦ s❛♠é ❥❡ ♣r♦✈❡❞❡♥♦ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✻❜✱ ❛✈➨❛❦ s tí♠ r♦③❞í❧❡♠✱ ➸❡ ③❞❡ ❥❡ ▲②❛♣✉♥➲✈
❡①♣♦♥❡♥t ✈②❥á❞➦❡♥ ③ ↔❛s✉ ❥❞♦✉❝í❤♦ ♥❛③♣➙t✳
✸✽
✭❛✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉✳
✭❜✮ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t ✈②♣♦↔ít❛♥ý ♣r♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳
❖❜rá③❡❦ ✻✳✻✿ ❱②❦r❡s❧❡♥í ❦♦♥t✉r ▲②❛♣✉♥♦✈❛ ❡①♣♦♥❡♥t✉ s♣♦❧❡↔♥➙ s ✈❡❦t♦r♦✈ý♠ r②❝❤✲
❧♦st♥í♠ ♣♦❧❡♠ ♣r♦ t②té➸ ♣❛r❛♠❡tr② ❥❛❦♦ ♥❛ ♦❜rá③❦✉ ↔✳✻✳✺❛✳
✸✾
✼ Pr♦✉❞➙♥í ❦♦❧❡♠ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛
✭❆❤♠❡❞ ❜♦❞②✮
➆♣❛t♥➙ ♦❜té❦❛♥é t➙❧❡s♦ ❥❡ t❛❦♦✈é t➙❧❡s♦✱ ❦❞❡ ♣➦✐ ♣r♦✉❞➙♥í ❦♦❧❡♠ t♦❤♦t♦ t➙❧❡s❛
❞♦❥❞❡ ❦ ♦❞tr➸❡♥í ♣r♦✉❞í❝í t❡❦✉t✐♥② ♥❛ ♣♦✈r❝❤✉ t♦❤♦t♦ t➙❧❡s❛✳ Pr♦ ③❦♦✉♠á♥í ❛❡r♦✲
❞②♥❛♠✐❝❦ý❝❤ ❥❡✈➲ ♣➦✐ ♦❜té❦á♥í ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛ ❥❛❦♦ ❥❡ t➦❡❜❛ ❛✉t♦♠♦❜✐❧ s❡
↔❛st♦ ✈②✉➸í✈❛❥í ③❥❡❞♥♦❞✉➨❡♥é ♠♦❞❡❧② ✈♦③✐❞❡❧✱ ❦t❡ré ♥❡♠❛❥í t❛❦ s❧♦➸✐t♦✉ ❣❡♦♠❡tr✐✐ ❛ ❥❡
❥❡❞♥♦❞✉❝❤é ❥❡ ③❤♦t♦✈✐t✳
❏❡❞♥í♠ ③❡ ③á❦❧❛❞♥í❝❤ ♠♦❞❡❧➲✱ ❦t❡rý s❡ ♣♦✉➸í✈á ♣r♦ ③❦♦✉♠á♥í ❛❡r♦❞②♥❛♠✐❝❦ý❝❤
✈❧❛st♥♦stí ❛✉t♦♠♦❜✐❧➲✱ ❥❡ ♠♦❞❡❧ ❆❤♠❡❞ ❜♦❞②✱ ❦t❡rý ❜②❧ ♣➦❡❞st❛✈❡♥ ✈ ♣rá❝✐ ❬✶✸❪✳
P♦❞❧❡ ♣rá❝❡ ❬✶✸❪ ❜✉❞❡ ③✈♦❧❡♥❛ st❡❥♥á ❣❡♦♠❡tr✐❡ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✭✈✐③✳ ♦❜rá✲
③❡❦ ↔✳✼✳✶✳ ❩ ❤❧❡❞✐s❦❛ ❛❡r♦❞②♥❛♠✐❦② ❥❡ ✉ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ♥❡❥③❛❥í♠❛✈➙❥➨í♠ ♠ís✲
t❡♠ ③❛❞♥í ↔ást t♦❤♦t♦ ♠♦❞❡❧✉✱ ❦t❡rá ❥❡ s❦❧♦♣❡♥❛ ♦ ú❤❡❧ ϕ✳ ❱ ③á✈✐s❧♦st✐ ♥❛ ú❤❧✉
s❦❧♦♣❡♥í ③❛❞♥í ↔ást✐ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ❜②❧ ♥❛♠➙➦❡♥ý ♦❞♣♦r♦✈ý s♦✉↔✐♥✐t❡❧ cd ✭t❛t♦
③á✈✐s❧♦st ✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✷✮✱ ❦t❡rý s❡ ✈②♣♦↔ítá ❞❧❡ r♦✈♥✐❝❡ ✭✼✳✵✳✶✮
❖❜rá③❡❦ ✼✳✶✿ ❘♦③♠➙r② ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✭♣➦❡✈③❛t♦ ③ ❬✶✸❪✮✳
cd =
2 ∗ Fd
ρ ∗ A ∗ v2 . ✭✼✳✵✳✶✮
✹✵
❏❡❞♥♦t❧✐✈é ↔❧❡♥② ✈ tét♦ r♦✈♥✐❝✐ ③♥❛♠❡♥❛❥í✿ ❆ ❥❡ ♣➦❡❞♥í ♣❧♦❝❤✉ t➙❧❡s❛✱ Fd ❥❡ ♦❞♣♦✲
r♦✈á sí❧❛✱ ρ ❥❡ ❤✉st♦t❛ t❡❦✉t✐♥② ❛ v ❥❡ r②❝❤❧♦st ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉ t❡❦✉t✐♥②✳
❖❜rá③❡❦ ✼✳✷✿ ❩á✈✐s❧♦st ú❤❧✉ ♥❛❦❧♦♥➙♥í ③❛❞♥í ↔ást✐ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ♥❛ ♦❞♣♦r♦✲
✈é♠ s♦✉↔✐♥✐t❡❧✐ ✭♣➦❡✈③❛t♦ ③ ❬✶✹❪✮✳
◆❛ ♦❜rá③❦✉ ↔✳✼✳✷ ❧③❡ ✈✐❞➙t✱ ➸❡ ❦ ♦❞tr❤á✈á♥í ♣r♦✉❞✉ t❡❦✉t✐♥② ❞♦❝❤á③í ♥❛ ❞✈♦✉
♠♦➸♥ý❝❤ ♠íst❡❝❤✳ Pr✈♥í ♠♦➸♥é ♠íst♦✱ ❦❞❡ s❡ ♣r♦✉❞ t❡❦✉t✐♥② ♦❞tr❤♥❡ ♦❞ t➙❧❡s❛ ❥❡
✧❍r❛♥❛ ❆✧ ✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✶✳ ❚❡♥t♦ ♣➦í♣❛❞ ♦❞♣♦✈í❞á r♦③s❛❤✉ ú❤❧✉ 0◦ ≤ ϕ ≤ 12.5◦
❛ 30◦ ≤ ϕ ≤ 35◦✳ ❉❛❧➨í♠ ♠♦➸♥ý♠ ♠íst❡♠ ♦❞tr➸❡♥í ❥❡ ✧❍r❛♥❛ ❇✧ ✈✐③✳ ♦❜rá③❡❦
↔✳✼✳✶✳ ❚❡♥t♦ ♣➦í♣❛❞ ♦❞♣♦✈í❞á ú❤❧✉ ✶✷✳✺◦❁ϕ ≤ 30◦✳ ❱ ♦❜♦✉ ♣➦í♣❛❞❡❝❤ s❡ ✈ ♠íst➙
♦❞tr➸❡♥í ♣r♦✉❞✉ t❡❦✉t✐♥② ③❛↔♥❡ t✈♦➦✐t ♣♦❞é❧♥ý ✈ír✱ ❦t❡rý ❞á❧❡ ♣♦❦r❛↔✉❥❡ ❞♦ ♠íst❛
✹✶
ú♣❧❛✈✉ ③❛ ♠♦❞❡❧❡♠✳ ❩❛❥í♠❛✈ý♠ ♣➦í♣❛❞❡♠ ❥❡ ú❤❡❧ s❦❧♦♣❡♥í ϕ❂✸✵◦✱ ❦❞❡ ♣r♦ t❡♥t♦
ú❤❡❧ ❡①✐st✉❥í ❞✈❛ r❡➸✐♠②✳ Pr✈♥í r❡➸✐♠ ❥❡ ♣➦í♣❛❞ ✈②s♦❦é❤♦ ♦❞♣♦r✉ ✶✱ ❦t❡rý ✈③♥✐❦á
♣➦❡❞❡✈➨í♠ ♣r♦ ✈➙t➨í r②❝❤❧♦st✐ ❛ ♦❞♣♦✈í❞á ♦❞♣♦r♦✈é♠✉ ❦♦❡✜❝✐❡♥t✉ cd❂✵✳✸✼✽✳ ❉r✉❤ý
r❡➸✐♠ ✈③♥✐❦á ✈ ♣➦í♣❛❞➙✱ ➸❡ ❥✐➸ ♥❛st❛❧ ♣r✈♥í r❡➸✐♠✱ ❛❧❡ ❥❡❧✐❦♦➸ s❡ ③❛↔♥❡ s♥✐➸♦✈❛t r②❝❤✲
❧♦st✱ t❛❦ ✈③♥✐❦❧ý ♣♦❞é❧♥ý ✈ír s❡ ③❛↔♥❡ ③❦r❛❝♦✈❛t ❛➸ ❞♦ ❝❤✈í❧❡✱ ❦❞② ♣♦❞é❧♥ý ✈ír ✈②♠✐③í
ú♣❧♥➙ ❛ ♥❛st❛♥❡ ♣➦✐❧♥✉tí ♣r♦✉❞í❝í t❡❦✉t✐♥② ❦❡ s❦❧♦♥➙♥é r♦✈✐♥➙✳ ❚❡♥t♦ r❡➸✐♠ ❥❡ ♣➦í♣❛❞
♠❛❧é❤♦ ♦❞♣♦r✉✷ ❛ ♦❞♣♦r♦✈ý ❦♦❡✜❝✐❡♥t ♣r♦ t❡♥t♦ r❡➸✐♠ ❥❡ cd❂✵✳✷✻✳ ❉❛❧➨í ✈ír♦✈♦✉
✭❦♦❤❡r❡♥t♥í✮ str✉❦t✉r♦✉✱ ❦t❡rá ✈③♥✐❦á ♣➦✐ ♦❜té❦á♥í ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞②✱ ❥❡ ❞✈♦❥✐❝❡
✈ír➲ ✈③♥✐❦❛❥í❝í ✈ ♠íst➙ ú♣❧❛✈✉ t➙s♥➙ ③❛ ♠♦❞❡❧❡♠ ❬✶✹❪✳
❉❛❧➨í ♣❛r❛♠❡tr✱ ❦t❡rý ❥❡ ❞➲❧❡➸✐tý ♣r♦ ➦í③❡♥í ♦❞♣♦r♦✈é❤♦ ❦♦❡✜❝✐❡♥t✉✱ ❥❡ ❜❡③r♦③✲
♠➙r♥é ❙tr♦✉❤❛❧♦✈♦ ↔ís❧♦✱ ❦t❡ré ❥❡ ❞❡✜♥♦✈á♥♦ ❥❛❦♦
Sh =
f ∗D
v
. ✭✼✳✵✳✷✮
❏❡❞♥♦t❧✐✈é ↔❧❡♥② r♦✈♥✐❝❡ ✭7.0.2✮ ③♥❛♠❡♥❛❥í✿ f ③♥❛↔í ❢r❡❦✈❡♥❝✐ ✈③♥✐❦✉ ✈ír➲✱ D ❥❡
❝❤❛r❛❦t❡r✐st✐❝❦ý r♦③♠➙r ❛ v ❥❡ r②❝❤❧♦st ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉ t❡❦✉t✐♥②✳ ❙tr♦✉❤❛❧♦✈♦
↔ís❧♦ ❥❡ ③♥á♠♦ ③ ❡①♣❡r✐♠❡♥t➲✱ ❛ ♣r♦t♦ s❡ ↔❛st♦ ✈②✉➸í✈á ♣r♦ ❞♦♣♦↔ítá♥í ↔❛s♦✈é ♣❡r✐♦❞②
✈③♥✐❦✉ ✈ír➲✳
✼✳✶ ❈❋❉ ❛♥❛❧ý③❛ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞②
✼✳✶✳✶ P♦♣✐s ú❧♦❤②
❏❡❞♥á s❡ ♦ ú❧♦❤✉ ♣r♦st♦r♦✈é❤♦ ♥❡st❛❝✐♦♥ár♥í❤♦ ♣r♦✉❞➙♥í ❦♦❧❡♠ ♠♦❞❡❧✉ ❆❤♠❡❞
❜♦❞② ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✸✮✳ Pr♦✉❞í❝í t❡❦✉t✐♥❛ ❥❡ ✈③❞✉❝❤✱ ❦t❡rý ✈st✉♣✉❥❡ ❞♦ ③❦♦✉♠❛✲
♥é❤♦ ♣r♦st➦❡❞í ③♥á♠♦✉ r②❝❤❧♦stí✳ ❱st✉♣♥í r②❝❤❧♦st ❥❡ ✹✵ ms−1✱ ❝♦➸ ♥❡♥í ♣➦í❧✐➨ ✈②✲
s♦❦á r②❝❤❧♦st ✈❡ sr♦✈♥á♥í s r②❝❤❧♦stí ③✈✉❦✉ ✈zvuk = 343♠s−1 ♦❞♣♦✈í❞❛❥í❝í t❡♣❧♦t♥í♠
♣♦❞♠í♥❦á♠ ✷✵ ◦❈✳ P♦♠➙r ♠❡③✐ r②❝❤❧♦stí ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉ t❡❦✉t✐♥② ❛ r②❝❤❧♦stí
③✈✉❦✉ t❡❦✉t✐♥② s❡ ♥❛③ý✈á ▼❛❝❤♦✈ý♠ ↔ís❧❡♠
✶✈ ❛♥❣❧✐❝❦é♠ ♥á③✈✉ t③✈✳✧❤✐❣❤✲❞r❛❣ r❡❣✐♠❡✧
✷✈ ❛♥❣❧✐❝❦é♠ ♥á③✈✉ t③✈✳✧❧♦✇✲❞r❛❣ r❡❣✐♠❡✧
✹✷
Ma =
v
vzvuk
. ✭✼✳✶✳✶✮
P♦❦✉❞ ▼❛❝❤♦✈♦ ↔ís❧♦ ♣r♦ ❞❛♥♦✉ ú❧♦❤✉ ♥❡♣➦❡s❛❤✉❥❡ ❤♦❞♥♦t✉ ▼❛❂✵✳✸✱ t❛❦ ❧③❡
♣r♦✉❞í❝í t❡❦✉t✐♥✉ ✉✈❛➸♦✈❛t ❥❛❦♦ ♥❡st❧❛↔✐t❡❧♥♦✉✳ Pr♦ t✉t♦ ú❧♦❤✉ ▼❛❝❤♦✈♦ ↔ís❧♦ ♦❞♣♦✲
✈í❞á ❤♦❞♥♦t➙ ▼❛❂✵✳✵✺✱ ♣r♦t♦ ✈③❞✉❝❤ ❜✉❞❡ ✉✈❛➸♦✈á♥ ❥❛❦♦ ♥❡st❧❛↔✐t❡❧♥á t❡❦✉t✐♥❛✳
❖❜rá③❡❦ ✼✳✸✿ ■s♦♠❡tr✐❝❦ý ♣♦❤❧❡❞ ♥❛ ❆❤♠❡❞ ❜♦❞②✳
✼✳✶✳✷ ❙í➫
❙í➫ ❥❡ ✈②t✈♦➦❡♥❛ ❞❧❡ ❞♦♣♦r✉↔❡♥í ♣rá❝❡ ❬✶✵❪ ❛ ❥❡ ♥❛st❛✈❡♥❛ ♥❛ ✈❛r✐❛♥t✉ ❤r✉❜é sít➙
♣♦❞❧❡ ♦❜rá③❦✉ ↔✳✼✳✹✳ Pr♦ t❛❦t♦ ③✈♦❧❡♥♦✉ ✈❛r✐❛♥t✉ sít➙ ❜② ♠➙❧♦ ③❤r✉❜❛ ♦❞♣♦✈í❞❛t
✷ ✲ ✺ ♠✐❧✳ ❜✉♥➙❦✳ ❱ ♣➦í♣❛❞➙ ❈❋❉ ❛♥❛❧ý③② ✈②t✈♦➦❡♥é ✈ tét♦ ♣rá❝✐✱ t❛❦ sí➫ ♦❜s❛✲
❤✉❥❡ ✷ ✵✸✻ ✼✺✽ ❜✉♥➙❦✳
✹✸
❖❜rá③❡❦ ✼✳✹✿ ❩á✈✐s❧♦st r②❝❤❧♦st✐ ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉ ♥❛ ✈❡❧✐❦♦st✐ ❜✉♥➙❦ ✭♣➦❡✲
✈③❛t♦ ③ ❬✶✵❪✮✳
❙í➫ ❥❡ r♦③❞➙❧❡♥❛ ♥❛ ✹ ♦❜❧❛st✐ ✭✈✐③ ♦❜rá③❡❦ ↔✳✼✳✺✮✳ ✧❖❜❧❛st ✹✧ ♦❞♣♦✈í❞á ♣r♦st♦r✉
♠❡③✐ ✈♦③♦✈❦♦✉ ✭③❡♠í✮ ❛ ♠♦❞❡❧❡♠ ❆❤♠❡❞ ❜♦❞②✳ ✧❖❜❧❛st ✸✧ ♦❞♣♦✈í❞á ♣r♦st♦r✉ ③❛ ♠♦✲
❞❡❧❡♠ ❆❤♠❡❞ ❜♦❞②✱ ❦❞❡ ❜✉❞❡ ✈③♥✐❦❛t ❞✈♦❥✐❝❡ ✈ír➲✳ Pr♦ t②t♦ ❞✈➙ ③♠í♥➙♥é ♦❜❧❛st✐
✭✧♦❜❧❛st ✹✧ ❛ ✧♦❜❧❛st ✸✧✮ ❜②❧❛ ③✈♦❧❡♥❛ ♥❡❥♠❡♥➨í ✈❡❧✐❦♦st ❜✉➡❦② s✐③❡❂✶✵♠♠✳ ✧❖❜✲
❧❛st ✸✧ ♣➦❡❞st❛✈✉❥❡ ♦❜❧❛st✱ ❦❞❡ ❜② ♠➙❧ ✈③♥✐❦♥♦✉t ú♣❧❛✈✱ ❛ ♣r♦t♦ ❥❡ ③❞❡ ✈❡❧✐❦♦st ❜✉➡❦②
s✐③❡❂✶✺♠♠✳
✹✹
❖❜rá③❡❦ ✼✳✺✿ ❘♦③❞➙❧❡♥í ③❦♦✉♠❛♥é❤♦ ♣r♦st➦❡❞í ♥❛ ✹ ♦❜❧❛st✐✳
❱❧✐✈ ♠❡③♥í ✈rst✈② ❥❡ ❞❛❧➨í♠ ❞➲❧❡➸✐tý♠ ❜♦❞❡♠ ♣r♦ t✈♦r❜✉ sít➙✱ ❦❞❡ ❥❡ t➦❡❜❛ sí➫
❦♦❧❡♠ t➙❧❡s❛ ♣➦✐③♣➲s♦❜✐t t✈❛r✉ t➙❧❡s❛ ❛ ✈②t✈♦➦✐t t③✈ ♣r✐③♠❛t✐❝❦♦✉ sí➫✳ Pr♦ ♣r✐③♠❛t✐❝✲
❦♦✉ sí➫ ♣❛❦ ❜✉❞❡ ♣❧❛t✐t✱ ➸❡ t❧♦✉➨➫❦❛ ✈rst❡✈ ♣♦r♦st❡ s❡ ✈③❞á❧❡♥♦stí ♦❞ ♣♦✈r❝❤✉✳ ❉á❧❡
❥❡ t➦❡❜❛ ✉✈❛➸♦✈❛t ✈❧✐✈ ♠❡③♥í ✈rst✈② ✐ ♥❛ ✈♦③♦✈❝❡ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✻✮✳
❖❜rá③❡❦ ✼✳✻✿ ❱②t✈♦➦❡♥á ♣r✐③♠❛t✐❝❦á sí➫ ❦♦❧❡♠ ✈♦③♦✈❦② ❛ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞②✳
✹✺
❩ ♦❜rá③❦✉ ↔✳✼✳✻ s✐ ❧③❡ ❞á❧❡ ✈➨✐♠♥♦✉t✱ ➸❡ t❧♦✉➨➫❦❛ ♣r✐③♠❛t✐❝❦é sít➙ s❡ ❦♦❧❡♠ ♠♦❞❡❧✉
❆❤♠❡❞ ❜♦❞② ♠➙♥í ❛ t♦ ♣➦❡❞❡✈➨í♠ ❦✈➲❧✐ st➙♥♦✈é ❢✉♥❦❝✐✳ ❚❛t♦ st➙♥♦✈á ❢✉♥❦❝❡ ♣♦♣✐✲
s✉❥❡ ✈③t❛❤ ♠❡③✐ ❜❡③r♦③♠➙r♥♦✉ r②❝❤❧♦stí v+ ❛ ❜❡③r♦③♠➙r♥♦✉ ✈③❞á❧❡♥♦stí ♦❞ st➙♥② y+
✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✼✮✳
❖❜rá③❡❦ ✼✳✼✿ ❙t➙♥♦✈á ❢✉♥❦❝❡ ✭♣➦❡✈③❛t♦ ③ ❬✶✻❪✮✳
❇❡③r♦③♠➙r♥á r②❝❤❧♦st v+ s❡ ✈②❥á❞➦í ❞❧❡ r♦✈♥✐❝❡ ✭✼✳✶✳✷✮ ❛ ❜❡③r♦③♠➙r♥á ✈③❞á❧❡♥♦st
♦❞ st➙♥② y+ s❡ ✈②❥á❞➦í ❞❧❡ r♦✈♥✐❝❡ ✭✼✳✶✳✸✮
v+ =
v
vτ
✭✼✳✶✳✷✮
y+ =
y
ν
vτ . ✭✼✳✶✳✸✮
❩ t➙❝❤t♦ r♦✈♥✐❝ ❥❡❞♥♦t❧✐✈é ↔❧❡♥② ③♥❛♠❡♥❛❥í✿ v ❥❡ r②❝❤❧♦st ♥❡♥❛r✉➨❡♥é❤♦ ♣r♦✉❞✉✱
y ❥❡ ✈③❞á❧❡♥♦st ↔ást✐❝❡ ♦❞ st➙♥②✱ ν ❥❡ ❦✐♥❡♠❛t✐❝❦á ✈✐s❦♦③✐t❛ ❛ vτ ❥❡ r②❝❤❧♦st ♥❛ st➙♥➙✱
❦t❡rá ❥❡ ❞á♥❛ r♦✈♥✐❝í ✭✼✳✶✳✹✮
✹✻
vτ =
√
τw
ρ
. ✭✼✳✶✳✹✮
❱ r♦✈♥✐❝✐ ✭✼✳✶✳✹✮ ρ ③♥❛↔í ❤✉st♦t✉ t❡❦✉t✐♥② ❛ τw ③♥❛↔í s♠②❦♦✈é ♥❛♣➙tí ♥❛ st➙♥➙✳
✼✳✶✳✸ ❖❦r❛❥♦✈é ♣♦❞♠í♥❦②
▼♦❞❡❧ ❆❤♠❡❞ ❜♦❞② ❥❡ s②♠❡tr✐❝❦é t➙❧❡s♦ ✈➲↔✐ r♦✈✐♥➙ ①✲③✱ ♣r♦t♦ ✐ t➙❧❡s♦ ♣➦❡st❛✈✉❥í❝í
t❡❦✉t✐♥✉ ❜✉❞❡ s②♠❡tr✐❝❦é✳ ❉❛❧➨í ③ ♦❦r❛❥♦✈ý❝❤ ♣♦❞♠í♥❡❦ ❥❡ ♥❡✉✈❛➸♦✈á♥í t➦❡♥í ♥❛ ❤♦r♥í
❛ ❜♦↔♥í st➙♥➙ ♦❜❥❡♠✉ t❡❦✉t✐♥②✳
❖❜rá③❡❦ ✼✳✽✿ ●r❛✜❝❦é ③♥á③♦r♥➙♥í ♦❜❧❛stí✱ ❦❞❡ s❡ ❜✉❞♦✉ ❞❡✜♥♦✈❛t ♦❦r❛❥♦✈é ♣♦❞♠í♥❦②✳
❖❜❧❛st ❖③♥❛↔❡♥í ♦❦r❛❥♦✈é ♣♦❞♠í♥❦② ❍♦❞♥♦t❛
■♥❧❡t ✈❡❧♦❝✐t②✲✐♥❧❡t ✹✵ ♠✳s−1
❖✉t❧❡t ♣r❡ss✉r❡✲♦✉t❧❡t ✵ ▼♣❛
●r♦✉♥❞ ✇❛❧❧ ✲
❆❤♠❡❞❴❜♦❞② ✇❛❧❧ ✲
❙②♠♠❡tr②❴s✐❞❡ s②♠♠❡tr② ✲
❙②♠♠❡tr②❴t♦♣ s②♠♠❡tr② ✲
❙②♠♠❡tr② s②♠♠❡tr② ✲
✹✼
✼✳✶✳✹ ❱②❤♦❞♥♦❝❡♥í
❆❜② ♠♦❤❧❛ ❜ýt ❛♣❧✐❦♦✈á♥❛ ♠❡t♦❞❛ ❋❚▲❊ ♥❛ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✱
t❛❦ ❥❡ t➦❡❜❛ ú❧♦❤✉ ➦❡➨✐t ❥❛❦♦ ♣➦❡❝❤♦❞♦✈ý ❞➙❥✱ ♣r♦t♦➸❡ ❋❚▲❊ ♠❡t♦❞❛ ♣♦t➦❡❜✉❥❡ ③♥át✱
❥❛❦ s❡ ❞❛♥é r②❝❤❧♦st♥í ♣♦❧❡ ✈②✈í❥í ❜➙❤❡♠ ♣r➲❜➙❤✉ ❞❛♥é❤♦ ↔❛s♦✈é❤♦ ús❡❦✉✳ ❱ý♣♦↔❡t
♣➦❡❝❤♦❞♦✈é ú❧♦❤② ✈②➸❛❞✉❥❡ ③♥❛❧♦st ↔❛s♦✈é❤♦ ❦r♦❦✉✱ ♣r♦ ❦t❡rý ❜✉❞❡ ❞❛♥á ú❧♦❤❛ ➦❡✲
➨❡♥❛✳ ❏❛❦♦ ♥❡❥✈ý❤♦❞♥➙❥➨í ♣r♦ ➦❡➨❡♥í ③❥✐➨t➙♥í ↔❛s♦✈é❤♦ ❦r♦❦✉ s❡ ♥❛❜í③í ③❥✐st✐t ↔❛s♦✈ý
❦r♦❦ ③❡ ❙tr♦✉❤❛❧♦✈❛ ↔ís❧❛ ✭✈✐③✳ r♦✈♥✐❝❡ ✭✼✳✶✳✺✮✮✱ ♥❡❜♦➫ ❙tr♦✉❤❛❧♦✈♦ ↔ís❧♦ ③á✈✐sí ♥❛ r♦③✲
♠➙r✉ ♦❜té❦❛♥é❤♦ t➙❧❡s❛✱ r②❝❤❧♦st✐ ❛ ♣➦❡❞❡✈➨í♠ ♥❛ ❢r❡❦✈❡♥❝✐ ✈③♥✐❦✉ ✈ír♦✈ý❝❤ str✉❦t✉r✳
❏❛❦♦ ❝❤❛r❛❦t❡r✐st✐❝❦ý r♦③♠➙r ❥❡ ③❞❡ ♦❜tí➸♥é ③✈♦❧✐t ❥❡❞❡♥ ③ r♦③♠➙r➲ ♠♦❞❡❧✉ ❆❤♠❡❞
❜♦❞②✱ ♣r♦t♦ ❞❧❡ ❧✐t❡r❛t✉r② ❬✶✼❪ ❜✉❞❡ ③❛ ❝❤❛r❛❦t❡r✐st✐❝❦ý r♦③♠➙r ❞♦s❛③❡♥♦ ❉❂
√
A✱
❦❞❡ ❆ ♦❞♣♦✈í❞á ♣➦❡❞♥í ♣❧♦➨❡ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✈↔❡t♥➙ ✉✈❛➸♦✈á♥í ❞♦❧♥í❝❤ ♣✐❧í➦➲✳
t =
√
A
Sh ∗ v =
0.
0.265 ∗ 40 = 0.01s. ✭✼✳✶✳✺✮
❷❛s t ♦❞♣♦✈í❞á ♣❡r✐♦❞➙ ✈③♥✐❦✉ ✈ír➲✳ ❆❜② ♠♦❤❧ ❜ýt ♣♦♣sá♥ ✈③♥✐❦ ✈ír➲ ✭❦♦❤❡✲
r❡♥t♥í❝❤ str✉❦t✉r✮✱ t❛❦ s❡ ↔❛s♦✈ý ❦r♦❦ ♠✉sí ③✈♦❧✐t ♠❡♥➨í ♥❡➸ ♣❡r✐♦❞❛ ✈③♥✐❦✉ ✈ír➲ t✳
❷❛s♦✈ý ❦r♦❦ s❡ ③✈♦❧✐❧ ♦❞❤❛❞❡♠ ∆t❂✵✳✵✵✶s ❛ ♣r♦ t❡♥t♦ ↔❛s♦✈ý ❦r♦❦ ❜②❧♦ ♣r♦✈❡✲
❞❡♥♦ ✷✷✵✽ ↔❛s♦✈ý❝❤ ❦r♦❦➲✳ ❚♦ ♦❞♣♦✈í❞á ↔❛s♦✈é♠✉ ús❡❦✉ ❚❂✷✳✷✵✽s✳
❏❛❦ ❥✐➸ ❜②❧♦ ③♠í♥➙♥♦ ✈ ú✈♦❞✉ tét♦ ❦❛♣✐t♦❧② ❛ ❥❛❦ ❥❡ ③➦❡❥♠é ③ ♦❜rá③❦✉ ↔✳✼✳✷✱
t❛❦ ♣r♦ ú❤❡❧ ϕ ♦❞♣♦✈í❞❛❥í ❞✈❛ r❡➸✐♠② s♦✉↔✐♥✐t❡❧❡ ♦❞♣♦r✉✳ ❱ tét♦ ú❧♦③❡ ♥❛stá✈á r❡➸✐♠
✈❡❧❦é❤♦ ♦❞♣♦r✉✱ ❦t❡ré♠✉ ♦❞♣♦✈í❞á ❡①♣❡r✐♠❡♥tá❧♥í ♦❞♣♦r♦✈ý ❦♦❡✜❝✐❡♥t cd❂✵✳✸✼✽✳
❩ ❈❋❉ ❛♥❛❧ý③② ✈②➨❡❧ ♦❞♣♦r♦✈ý ❦♦❡✜❝✐❡♥t cd❂✵✳✸✹✱ ❛ t❛❦ ❝❤②❜❛ ❈❋❉ ❛♥❛❧ý③② ♦❞♣♦r♦✲
✈é❤♦ ❦♦❡✜❝✐❡♥t✉ ❥❡ ❦♦❧❡♠ ✽✪✳ Pr➲❜➙❤ ♦❞♣♦r♦✈é❤♦ ❦♦❡✜❝✐❡♥t✉ ♣♦❞é❧ ❤r❛♥② ✈❡ s♠➙r✉ ✧③✧ ❥❡
✈✐❞➙t ♥❛ ♦❜rá③❦✉ ↔✳✼✳✾✳
✹✽
❖❜rá③❡❦ ✼✳✾✿ Pr➲❜➙❤ ♦❞♣♦r♦✈é❤♦ s♦✉↔✐♥✐t❡❧❡ cd ♣♦❞é❧ ❤r❛♥② ♠♦❞❡❧✉ ❛❤♠❡❞
❜♦❞② ✈❡ s♠➙r✉ ③✳
❩ ♦❜rá③❦✉ ↔✳✼✳✶✵ ✈②♣❧ý✈á✱ ➸❡ y+ ♥❛ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② s❡ ♣♦❤②❜✉❥í ✈ r♦③✲
♠❡③í ✶✵✵✲✷✵✵✱ ❝♦➸ ♦❞♣♦✈í❞á ♦❜rá③❦✉ ↔✳✼✳✹ ✈❛r✐❛♥t➙ ♣r♦ st➦❡❞♥➙ ❤r✉❜♦✉ sí➫✱ ❦t❡rá ♠á
❤♦❞♥♦t② y+ ❦♦❧❡♠ ✶✺✵✳ ◆❛ ♦❜rá③❦✉ ↔✳✼✳✶✵❜ ❥❡ ✈✐❞➙t ♥❛ ❤r❛♥➙ ♣♦ s❦❧á♣➙♥í ✈②s♦❦é
❤♦❞♥♦t② y+✱ ❦t❡ré s❡ ♣♦❤②❜✉❥í ❦♦❧❡♠ ❤♦❞♥♦t② ✸✵✵✱ ❝♦➸ ♦❞♣♦✈í❞á ♣➦❡❞♣♦❦❧á❞❛♥é ✈❛✲
r✐❛♥t➙ ❤r✉❜é sít➙ ③ ♦❜rá③❦✉ ↔✳✼✳✹✳ ❚②t♦ ✈ýs❧❡❞♥é ❤♦❞♥♦t② y+ ♥❡❥s♦✉ ③❝❡❧❛ s♣rá✈♥é✱
❛❧❡ ♣r♦t♦➸❡ t❛t♦ ❈❋❉ ❛♥❛❧ý③❛ ♣♦st✉♣✉❥❡ ♣♦❞❧❡ ♣rá❝❡ ❬✶✵❪✱ t❛❦ ✐ ♣r♦ t❛❦ ❤r✉❜♦✉ sí➫
❜✉❞♦✉ ✈②❝❤á③❡t ✉s♣♦❦♦❥✐✈é ✈ýs❧❡❞❦②✳
✹✾
✭❛✮ P➦❡❞♥í ♥á❤❧❡❞ ♥❛ ♠♦❞❡❧ ❆❤♠❡❞ ❜♦❞②✳
✭❜✮ ❩❛❞♥í ♥á❤❧❡❞ ♥❛ ♠♦❞❡❧ ❆❤♠❡❞ ❜♦❞②✳
❖❜rá③❡❦ ✼✳✶✵✿ ❍♦❤♥♦❞❛ y+ ♥❛ st➙♥➙ ✶✴✷ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ❛ ♥❛ ♦❦♦❧♥í ✈♦③♦✈❝❡✳
Pr♦ ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ❥❡ ❥❡❞♥♦✉ ③ ♥❡❥❞➲❧❡➸✐t➙❥➨í❝❤ ✈❡❧✐↔✐♥ r②❝❤✲
❧♦st✳ Pr♦ ♦❜té❦❛♥ý ♠♦❞❡❧ ❆❤♠❡❞ ❜♦❞② ✈ ✧r♦✈✐♥➙ ✶✧✭♣♦③♥✳ ♦❜❧❛st ✧❙②♠♠❡tr②✧ ③ ♦❜✲
rá③❦✉ ↔✳✼✳✽✮ ❥❡ ✉❦á③á♥♦ r②❝❤❧♦st♥í ♣♦❧❡ ♥❛ ♦❜rá③❦✉ ↔✳✼✳✶✶❛ ❛ ♥❛ ♦❜rá③❦✉ ↔✳✼✳✶✶❜ ❥❡
✈②❦r❡s❧❡♥♦ r②❝❤❧♦st♥í ✈❡❦t♦r♦✈é ♣♦❧❡✳
✺✵
✭❛✮ ❘②❝❤❧♦st♥í ♣♦❧❡✳
✭❜✮ ❱❡❦t♦r♦✈é r②❝❤❧♦st♥í ♣♦❧❡✳
❖❜rá③❡❦ ✼✳✶✶✿ ❩♦❜r❛③❡♥í r②❝❤❧♦stí✳
◆❛ ♦❜rá③❦✉ ↔✳✼✳✶✷ s❡ ♥❛❝❤á③í ③♦❜r❛③❡♥ý ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t✱ ♣♦♠♦❝í ❦t❡ré❤♦
❥s♦✉ ✈②③♥❛↔❡♥② ❤r❛♥✐❝❡ ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r ♦❞♣♦✈í❞❛❥í❝í ✧r♦✈✐♥➙ ✶✧✳
✺✶
✭❛✮ Pr♦ ❞♦♣➦❡❞♥➙ ❥❞♦✉❝í ↔❛s✳
✭❜✮ Pr♦ ③♣➙t♥➙ ❥❞♦✉❝í ↔❛s✳
❖❜rá③❡❦ ✼✳✶✷✿ ❋❚▲❊ ♠❡t♦❞❛ ❛♣❧✐❦♦✈❛♥á ✈ ✧r♦✈✐♥➙ ✶✧✳
❏❛❦ ❥❡ ③➦❡❥♠é ③ ❋❚▲❊ ❛♥❛❧ý③② ❛ ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡✱ t❛❦ ✈ ♠íst➙
ú♣❧❛✈✉ ✈ ❜❧í③❦♦st✐ ♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② s❡ ♥❛❝❤á③í ❦♦❤❡r❡♥t♥í str✉❦t✉r❛ ✈ ♣♦❞♦❜➙
❞✈♦✉ ✈ír➲✳ ❚❛t♦ str✉❦t✉r❛ ♠➲➸❡ ❜ýt t❛❦é ✉❦á③á♥❛ ♣r♦✉❞♥✐❝❡♠✐ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳ ✼✳✶✸✮✳
✺✷
❖❜rá③❡❦ ✼✳✶✸✿ ❩♦❜r❛③❡♥í tr❛❥❡❦t♦r✐í ↔ást✐❝ ✈ ➦❡③✉ ✶✳
❉❛❧➨í♠ ♠íst❡♠✱ ❦❞❡ ❥❡ ♣r♦✈❡❞❡♥♦ ✈②❤♦❞♥♦❝❡♥í ❦♦❤❡r❡♥t♥í❝❤ str✉❦t✉r✱ ❥❡ ✈ ✧r♦✲
✈✐♥➙ ✷✧ ✭♣♦③♥✳ ♦❜❧❛st ✧❘♦✈✐♥❛ ➦❡③✉✧ ③ ♦❜rá③❦✉ ↔✳✼✳✽✳ ❚❛t♦ ♦❜❧❛st ❥❡ ♦❞ ③❛❞♥í st➙♥②
♠♦❞❡❧✉ ❆❤♠❡❞ ❜♦❞② ✈③❞á❧❡♥♦ ♦ ✵✳✶♠✮✳ Pr♦ t✉t♦ r♦✈✐♥✉ ❥❡ ♦♣➙t ③♦❜r❛③❡♥♦ r②❝❤❧♦st♥í
♣♦❧❡ ✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✶✹❛ ❛ r②❝❤❧♦st♥í ✈❡❦t♦r♦✈é ♣♦❧❡ ✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✶✹❜✳
✺✸
✭❛✮ ❘②❝❤❧♦st♥í ♣♦❧❡✳
✭❜✮ ❱❡❦t♦r♦✈é r②❝❤❧♦st♥í ♣♦❧❡✳
❖❜rá③❡❦ ✼✳✶✹✿ ❩♦❜r❛③❡♥í r②❝❤❧♦stí
◆❛ ♦❜rá③❦✉ ↔✳✼✳✶✺ ❥❡ ✈②❦r❡s❧❡♥ ▲②❛♣✉♥➲✈ ❡①♣♦♥❡♥t✱ ❦t❡rý ③♦❜r❛③✉❥❡ ❤r❛♥②✱ ♣♦✲
♠♦❝í ❦t❡rý❝❤ ❥s♦✉ ✐❞❡♥t✐✜❦♦✈á♥② ❦♦❤❡r❡♥t♥t♥í str✉❦t✉r② ✈ ✧r♦✈✐♥➙ ✷✧✳
✺✹
✭❛✮ Pr♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉✳
✭❜✮ Pr♦ ↔❛s ❥❞♦✉❝í ♥❛③♣➙t✳
❖❜rá③❡❦ ✼✳✶✺✿ ❋❚▲❊ ♠❡t♦❞❛ ❛♣❧✐❦♦✈❛♥á ✈ ♠íst➙ ➦❡③✉ ✷✳
❱③♥✐❦❧á ❦♦❤❡r❡♥t♥í str✉❦t✉r❛ ♣r♦ ✧r♦✈✐♥✉ ✷✧ ♦❞♣♦✈í❞á ❞✈➙♠❛ ✈ír➲♠✱ ❦t❡ré ✈③♥✐✲
❦❛❥í ♥❛ ✧❤r❛♥➙ ✷✧✳ ❚②t♦ ❞✈❛ ♣♦❞é❧♥é ✈ír② ❥s♦✉ ③♦❜r❛③❡♥② ♥❛ ♦❜rá③❦✉ ↔✳✼✳✶✻✳
✺✺
❖❜rá③❡❦ ✼✳✶✻✿ ❩♦❜r❛③❡♥í tr❛❥❡❦t♦r✐í ↔ást✐❝ ③❛ ♠♦❞❡❧❡♠ ❆❤♠❡❞ ❜♦❞②✳
✺✻
✽ ❩á✈➙r
◆❛ ③á❦❧❛❞➙ ♣rá❝❡ ❬✺❪ ❛ ❬✶❪ ❜②❧❛ ♣♦♣sá♥❛ ♠❡t♦❞❛ ❋❚▲❊ ✐❞❡♥t✐✜❦❛❝❡ ❦♦❤❡r❡♥t♥í❝❤
str✉❦t✉r✱ ✉ ❦t❡ré ❜②❧♦ ✉❦á③á♥♦✱ ➸❡ ♠á ❢②③✐❦á❧♥í ✈ý③♥❛♠ ❥❛❦ ♣r♦ ↔❛s✱ ❦t❡rý ♣❧②♥❡
❞♦♣➦❡❞✉✱ t❛❦ ✐ ♣r♦ ↔❛s✱ ❦t❡rý ♣❧②♥❡ ♥❛③♣➙t ✭✈✐③✳ ❦❛♣✐t♦❧❛ ✺✮✳
❚❛t♦ ♠❡t♦❞❛ ❜②❧❛ ❛♣❧✐❦♦✈á♥❛ ♥❛ ❞✈♦✉ ❛♥❛❧②t✐❝❦ý❝❤ ♣➦í♣❛❞❡❝❤ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡✳
Pr✈♥í♠ ❛♥❛❧②t✐❝❦ý♠ ♣➦í♣❛❞❡♠ ❜②❧ ♣➦í♣❛❞ ❞✈♦✉ s♦✉s❡❞♥í❝❤ ✈ír➲✳ P➦í♣❛❞ ❜②❧ t❡st♦✈á♥
♣r♦ ↔❛s ♣❧②♥♦✉❝í ❞♦♣➦❡❞✉✱ ✐ ♣r♦ ↔❛s ♣❧②♥♦✉❝í ③♣➙t♥➙✳ ❖❜➙ ✈❛r✐❛♥t② ❜②❧② ❛♥❛❧②③♦✈á♥②
♥❛ ↔❛s♦✈é♠ ús❡❦✉ ❚❂✷✵s s ↔❛s♦✈ý♠ ❦r♦❦❡♠ ∆t❂✵✳✵✵✶s ♣r♦ ♦❜❧❛st ❬✵ ✷❪ ① ❬✵ ✶❪♠✳
❏❛❦ ✈②♣❧ý✈á ③ ♦❜rá③❦✉ ↔✳✻✳✷ ❛ ♦❜rá③❦✉ ↔✳✻✳✸✱ t❛❦ s❡ ♣r♦ t❡♥t♦ ♣➦í♣❛❞ ♣r♦✉❞♦✲
✈é❤♦ ♣♦❧❡ ♣♦❞❛➦✐❧♦ ✐❞❡♥t✐✜❦♦✈❛t ❤r❛♥✐❝❡✱ ❦t❡ré ❞❡✜♥✉❥í ♦❜❧❛st✐ ❦♦❤❡r❡♥t♥í❝❤ str✉❦✲
t✉r✳ ❱ t♦♠t♦ ♣➦í♣❛❞➙ s❡ ♣♦❞❛➦✐❧♦ ✐❞❡♥t✐✜❦♦✈❛t ❞✈❛ ✈ír② ❧❡➸í❝í ✈❡❞❧❡ s❡❜❡✱ ❝♦➸ ♦❞✲
♣♦✈í❞❛❧♦ ✐ ✈❡❦t♦r♦✈é♠✉ ③♦❜r❛③❡♥í r②❝❤❧♦stí ♣r♦ t❡♥t♦ ♣➦í♣❛❞ ♣r♦✉❞➙♥í✳ ❉r✉❤ý♠
❛♥❛❧②t✐❝❦ý♠ ♣➦í♣❛❞❡♠ ❜②❧♦ ♣r♦✉❞♦✈é ♣♦❧❡ ❦❧✐❦❛té❤♦ ♣r♦✉❞✉✳ ■ ③❞❡ ❜②❧ t❡♥t♦ ❛♥❛✲
❧②t✐❝❦ý ♣➦í♣❛❞ ♣r♦✉❞♦✈é❤♦ ♣♦❧❡ ❛♥❛❧②③♦✈á♥ ♣r♦ ↔❛s ❥❞♦✉❝í ❞♦♣➦❡❞✉ ✐ ♥❛③♣➙t✳ ❆♥❛✲
❧ý③❛ ③❞❡ ♣r♦❜➙❤❧❛ ♣r♦ ↔❛s♦✈ý ús❡❦ ❚❂✶✷✺✳✻ s s ↔❛s♦✈ý♠ ❦r♦❦❡♠ ∆t❂✵✳✵✺s ♣r♦ ♦❜✲
❧❛st ❬✵ ✶✵❪ ① ❬✵ ✹❪♠✳ Pr♦ t❛❦t♦ ③✈♦❧❡♥é ♣❛r❛♠❡tr② ❛♥❛❧ý③② ❜②❧② ③❥✐➨t➙♥② ♣♦♠♦❝í ❋❚▲❊
❛♥❛❧ý③② t➦✐ ✈ír②✱ ❦t❡ré ❥s♦✉ r♦③♠íst➙♥② st➦í❞❛✈➙ ✈❡❞❧❡ s❡❜❡✱ ♣♦❞♦❜♥➙ ❥❛❦ ❥❡ t♦ ✉ ✈ír♦✈é
❑❛r♠á♥♦✈② st❡③❦② ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✻✳✺✮
❑r♦♠➙ ❛♣❧✐❦❛❝❡ ❋❚▲❊ ♠❡t♦❞② ♥❛ ❛♥❛❧②t✐❝❦ý❝❤ ♣➦í♣❛❞❡❝❤ ♣r♦✉❞♦✈ý❝❤ ♣♦❧í ❜②❧❛
♣r♦✈❡❞❡♥❛ ❈❋❉ ❛♥❛❧ý③❛ ♣r♦✉❞➙♥í ❦♦❧❡♠ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛ ❆❤♠❡❞ ❜♦❞②✳ ❈❡❧ý
✈ý♣♦↔❡t ♣r♦❜í❤❛❧ ♣r♦ ♣r♦st♦r♦✈♦✉ ú❧♦❤✉✱ ❛✈➨❛❦ ✈②❤♦❞♥♦❝❡♥í ❦♦❤❡r❡♥t♥í❝❤ str✉❦✲
t✉r ❜②❧♦ ♣r♦✈❡❞❡♥♦ ♣r♦ ❞✈➙ r♦✈✐♥②✳ Pr✈♥í ❛♥❛❧②③♦✈❛♥á r♦✈✐♥❛ ❜②❧❛ r♦✈✐♥❛ s②♠❡tr✐❡✳
P♦♠♦❝í ❋❚▲❊ ♠❡t♦❞② s❡ ♣♦❞❛➦✐❧♦ ✐❞❡♥t✐✜❦♦✈❛t ❞✈♦❥✐❝✐ ✈ír➲✱ ❦t❡ré ❧❡➸❡❧② ✈ ❜❧í③✲
❦♦st✐ t➙❧❡s❛ ✈ ♠íst➙ ú♣❧❛✈✉ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✶✷❜✮✳ ❚❛❦t♦ ✐❞❡♥t✐✜❦♦✈❛♥á ❦♦❤❡r❡♥t♥í
str✉❦t✉r❛ s♦✉❤❧❛s✐❧❛ s ✈②❦r❡s❧❡♥ý♠ ✈❡❦t♦r♦✈ý♠ ♣♦❧❡♠ ❛ ♣r♦✉❞♥✐❝❡♠✐✳ ❏❛❦ ❜②❧♦ ③♠í✲
♥➙♥♦ ✈ ❦❛♣✐t♦❧❡ ✭✼✮✱ t❛❦ ♣r♦ ♣➦í♣❛❞ ú❤❧✉ ♥❛st❛✈❡♥í s❦❧♦♣❡♥í ③❛❞♥í r♦✈✐♥② ϕ = 30◦
♦❞♣♦✈í❞❛❥í ❞✈❛ r❡➸✐♠② ♦❞tr❤á✈á♥í ♣r♦✉❞✉ t❡❦✉t✐♥② ♦❞ t➙❧❡s❛✳ ◆❛ ♦❜rá③❦✉ ↔✳✼✳✶✷ ❥❡
✉❦á③á♥♦ ♦❞tr❤á✈á♥í t❡❦✉t✐♥② ♥❛ ✧❤r❛♥➙ ✷✧✳ Pr♦ t❡♥t♦ ♣➦í♣❛❞ ♦❞tr❤á✈á♥í ♣r♦✉❞✉
✺✼
t❡❦✉t✐♥② ♦❞♣♦✈í❞á r❡➸✐♠ ✈②s♦❦é❤♦ ♦❞♣♦r✉✱ ❦t❡ré♠✉ ♦❞♣♦✈í❞á ❡①♣❡r✐♠❡♥tá❧♥í ♦❞♣♦✲
r♦✈ý ❦♦❡✜❝✐❡♥t cd = 0.378✳ ❩ ❈❋❉ ❛♥❛❧ý③② ✈②❝❤á③í ♦❞♣♦r♦✈ý ❦♦❡✜❝✐❡♥t cd = 0.34✳
P➦✐ ♣♦r♦✈♥á♥í ♦❞♣♦r♦✈ý❝❤ ❦♦❡✜❝✐❡♥t➲ ③ ❡①♣❡r✐♠❡♥t✉ ❛ ✉s❦✉t❡↔♥➙♥é ❈❋❉ ❛♥❛❧ý③②✱
t❛❦ ❝❤②❜❛ ❈❋❉ ❛♥❛❧ý③② ✈②❝❤á③í ③❤r✉❜❛ ✽ %✳ ❉r✉❤♦✉ ❛♥❛❧②③♦✈❛♥♦✉ ♦❜❧❛stí ❥❡ ✧r♦✲
✈✐♥❛ ✷✧ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳✼✳✽✮✳ ❱ tét♦ r♦✈✐♥➙ ❜②❧② ♣♦♠♦❝í ❋❚▲❊ ❛♥❛❧ý③② ✐❞❡♥t✐✜❦♦✲
✈á♥② ❞✈❛ ✈ír②✱ ❦t❡ré ✈③♥✐❦❛❥í ♦❞tr❤á✈á♥í♠ ♣r♦✉❞✉ t❡❦✉t✐♥② ♥❛ ✧❤r❛♥➙ ✷✧ ✭✈✐③✳ ♦❜✲
rá③❡❦ ↔✳ ✼✳✶✺✮✳ ❉á❧❡ ❦♦❤❡r❡♥t♥í str✉❦t✉r❛ ❞✈♦✉ ✈ír➲ ❜②❧❛ ✐❞❡♥t✐✜❦♦✈á♥❛ t❛❦é ♣♦♠♦❝í
✈②❦r❡s❧❡♥í ✈❡❦t♦r♦✈é❤♦ r②❝❤❧♦st♥í❤♦ ♣♦❧❡ ✭✈✐③✳ ♦❜rá③❡❦ ↔✳ ✼✳✶✹❜✮✳ ❉❛❧➨í♠ ❞➲❦❛③❡♠
s♣rá✈♥♦st✐ ✈②❦r❡s❧❡♥í ❞✈♦✉ ✈ír➲ ♣♦t✈r③✉❥❡ ♦❜rá③❡❦ ↔✳✼✳✶✻✱ ✉❦❛③✉❥í❝í ❞✈❛ ♣♦❞é❧♥é ✈ír②
✈ ♣r♦st♦r✉ ③♦❜r❛③❡♥é ♣♦♠♦❝í ♣r♦✉❞♥✐❝✳
❏❛❦ ❥❡ ✈✐❞➙t ③ ✈ýs❧❡❞❦➲ ❋❚▲❊ ♠❡t♦❞② ♣r♦ ❛♥❛❧②t✐❝❦é ♣➦í♣❛❞② ♣r♦✉❞♦✈ý❝❤ ♣♦❧í
❛ ♥❡❜♦ ♣r♦ ❈❋❉ ❛♥❛❧ý③✉ ♣r♦✉❞➙♥í ❦♦❧❡♠ ➨♣❛t♥➙ ♦❜té❦❛♥é❤♦ t➙❧❡s❛✱ t❛❦ ❋❚▲❊ ♠❡✲
t♦❞❛ s♣♦❧❡❤❧✐✈➙ ♦❞❤❛❧✉❥❡ ❦♦❤❡r❡♥t♥í str✉❦t✉r②✳ ❇♦❤✉➸❡❧ ❥❡❥í ❦✈❛❧✐t❛ ❥❡ ③á✈✐s❧á ♥❛ ❞é❧❝❡
tr✈á♥í ③❦♦✉♠❛♥é❤♦ ❥❡✈✉✱ ❛ ♣r♦t♦ ❦❞②➸ ❥❡ ↔❛s♦✈ý ❞➙❥ ❦rát❦ý✱ t❛❦ ▲②❛♣♦♥➲✈ ❡①♣♦♥❡♥t
s❡ ♥❡st✐❤♥❡ ✈②✈✐♥♦✉t ❞♦ t❛❦♦✈é ♠ír②✱ ❛❜② ✈②③♥❛↔✐❧ ✈➨❡❝❤♥② ❤r❛♥✐❝❡✱ ❦t❡ré ❥s♦✉ s♣♦✲
❥❡♥② s ❦♦❤❡r❡♥t♥í♠✐ str✉❦t✉r❛♠✐✳
❚❛t♦ ♣rá❝❡ ✐❞❡♥t✐✜❦♦✈❛❧❛ ❦♦❤❡r❡♥t♥í str✉❦t✉r② ♣♦♠♦❝í ❋❚▲❊ ♠❡t♦❞② ♣♦✉③❡ ✈ r♦✲
✈✐♥♥é♠ ♣➦í♣❛❞➙✱ ❛ ♣r♦t♦ ❜② ❜②❧♦ ③❛❥í♠❛✈é s❡ ❞á❧❡ ✈➙♥♦✈❛t ✐❞❡♥t✐✜❦❛❝✐ ❦♦❤❡r❡♥t♥í❝❤
str✉❦t✉r ♣♦♠♦❝í ❋❚▲❊ ❛♥❛❧ý③② ✈ tr♦❥r♦③♠➙r♥é♠ ♣r♦st♦r✉✳
✺✽
✾ ▲✐t❡r❛t✉r❛
❬✶❪ ❍❖▲▼➱◆✱ ❱✐✈✐❛♥♥❡✳ ▼❡t❤♦❞s ❢♦r ❱♦rt❡① ■❞❡♥t✐ ❝❛t✐♦♥✳ ▲✉♥❞✱ ✷✵✶✷✱ ✹✻ s✳ ✶✹✵✹✲
✻✸✹✷✳ ▲✉♥❞ ❯♥✐✈❡rs✐t②✳ ❱❡❞♦✉❝í ♣rá❝❡ ❆❧❡①❛♥❞r♦s ❙♦♣❛s❛❦✐s✳ ❉♦st✉♣♥é ③✿ ❤tt♣✿
✴✴✇✇✇✳❝tr✳♠❛t❤s✳❧✉✳s❡✴♠❡❞✐❛✴t❤❡s✐s✴✷✵✶✸✴❋▼❆✽✷✵✳♣❞❢
❬✷❪ ❏❆❑❖❇❙❙❖◆✱ ❏♦❤❛♥✳ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ ▲❛❣r❛♥❣✐❛♥ ❈♦❤❡r❡♥t ❙tr✉❝t✉r❡s ✲ ❚♦ ❯♥✲
❞❡rst❛♥❞ ❛♥❞ ■❞❡♥t✐❢② ❚✉r❜✉❧❡♥❝❡✳ ●♦t❤❡♥❜✉r❣✱ ❙✇❡❞❡♥✱ ✷✵✶✷✳ ❈❍❆▲▼❊❘❙ ❯◆■✲
❱❊❘❙■❚❨ ❖❋ ❚❊❈❍◆❖▲❖●❨✳ ❱❡❞♦✉❝í ♣rá❝❡ ❉r✳ ❘♦♥♥✐❡ ❆♥❞❡rss♦♥✳ ❉♦st✉♣♥é
③✿ ❤tt♣✿✴✴♣✉❜❧✐❝❛t✐♦♥s✳❧✐❜✳❝❤❛❧♠❡rs✳s❡✴r❡❝♦r❞s✴❢✉❧❧t❡①t✴✶✺✾✹✻✺✳♣❞❢
❬✸❪ ❑❖▲➪➄✱ ❱✳ ❱♦rt❡① ■❞❡♥t✐✜❝❛t✐♦♥✿ ◆❡✇ r❡q✉✐r❡♠❡♥ts ❛♥❞ ❧✐♠✐t❛t✐♦♥s✳ ■♥✲
t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❍❡❛t ❛♥❞ ❋❧✉✐❞ ❋❧♦✇✳ ✷✵✵✼✱ ♣♣✳ ✻✸✽✲✻✺✷✳ ❉♦st✉♣♥é
③✿ ❤tt♣✿✴✴❝✐t❡s❡❡r①✳✐st✳♣s✉✳❡❞✉✴✈✐❡✇❞♦❝✴❞♦✇♥❧♦❛❞❄❞♦✐❂✶✵✳✶✳✶✳✹✼✸✳✷✻✫
r❡♣❂r❡♣✶✫t②♣❡❂♣❞❢
❬✹❪ P❊■❑❊❘❚✱ ❘✳✱ ❆✳ P❖❇▲■❚❩❊❘✱ ❋ ❙❆❉▲❖ ❛ ❇ ❙❈❍■◆❉▲❊❘✳ ❆ ❈♦♠♣❛r✐s♦♥ ♦❢
❋✐♥✐t❡✲t✐♠❡ ❛♥❞ ❋✐♥✐t❡✲❙✐③❡ ▲❛②♣✉♥♦✈ ❊①♣♦♥❡♥ts✳ ❚♦♣♦❧♦❣✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❉❛t❛
❆♥❛❧②s✐s ❛♥❞ ❱✐s✉❛❧✐③❛t✐♦♥✳ ✷✵✶✹✱ ♣✳♣✳ ✶✽✼✲✷✵✵✳ ❉❖■✿ ✶✵✳✶✵✵✼✴✾✼✽✲✸✲✸✶✾✲✵✹✵✾✾✲
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